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The Choice of Discrete or Continuous Random
Variables with a Discrete or Continuous Index
Set Defines the Type of Stochastic Model.

Discrete Time Markov Chain (DTMC): n € {0,1,2,...}, X,, is a
discrete random variable. The term chain implies that the random
variable is discrete.

X, €{0,1,...,N} or {0,1,...}

Continuous Time Markov Chain (CTMC): t €[0,00), X(t) is a
discrete random variable.

X)) € {0,1,...,N} or {0,1,...}

Diffusion Process, Stochastic Differential Equation (SDE): t € [0, o0),
X (t) is a continuous random variable.

X(t) € [0, N] or [0,00)
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Part I:
Discrete-Time Markov Chains
Notation and Terminology

Discrete random variable: X,,, n € {0,1,2,...} with state space

{0,1,2,...,N} or {0,1,2,...}.

Markov property:
Prob{X,, = 2| X0 = %0y.+.y Xnn—1 = tn_1}
= Prob{X,, = 25| Xnn—1 = tnn_1}-
Probability mass function of X,,: {p;(n)}°,, where

1=0"

pi(n) = Prob{X,, = 2}.
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Transition Matrix

One-step transition probability:
pji(n) = Prob{X,+1 = j| X, = ¢}.

Stationary or Homogeneous Transition Probabilities:

sz'(n) = Pji

Transition matrix:
P11 DPi2 DPi3
P = D21 D22 P23

P31 P32 P33

Column sum is one, } . p;; = 1, a stochastic matrix.
Assume the transition probabilities are homogeneous.
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n—Step Transition Matrix

n— Step transition probabilities:

n-step transition matrix

pm — (

— Prob{X,, = j| X, = i}

p{y) = P~

Irreducible if only one communication class; otherwise reducible.

Irreducible and periodic:

L. J. S. Allen
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First Passage Time and Recurrent Chains

First return to state % is at the nth time step:

-fql(';rb):PrOb{X’n:iaxm#i,mz1,2,...

s . — 1|X0 = ’I,}.

e o) (e o)
Transient state i: ) fz.(?) < 1 Recurrent state i: > fz.(?) = 1.

n=1

State ¢ recurrent (transient) iff

i p{™

n=0

= oo (< o0).

Mean recurrence time:

Hii = Z nf,,;(?)-

oo

n=1

Positive recurrent: p;; < oo. Null recurrent: p;; = oo.

L. J. S. Allen
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Summary of Classification Schemes
Markov chains or classes can be classified as
Periodic or Aperiodic

Then further classified as
Transient or Recurrent
Then recurrent MC can be classified as

Null recurrent or Positive recurrent.
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Infinite Random Walk is Transient if p 2 q and
1

Null Recurrent if p = > = q.

The chain is irreducible and periodic of period 2.
p —=probability moving right, ¢ =probability moving left, p + q = 1.
pé%nJrl) =0 for n=0,1,2,....

Pp2m) _ (2n)! . .  (4p@)"

00— n!n!p a NZ LD .

(o @)
Transient: p # q, 4pqg < 1, > pézon) < 00
n=0
1 oo
Null Recurrent: p = 5 =@ 4pgq = 1, > p((,%n) = o0, pg%n) — 0,
n=0

Moo = OO
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Finite DTMC

In finite DTMC, there are NO null recurrent states and not all states
are transient. An irreducible MC is

Periodic or Aperiodic

Positive Recurrent

A stationary probability distribution, 7 is an eigenvector of P with
eigenvalue one:

Pr=m
lim P"p(0) = .
_ .\ . _(1/2 1/3 .
Example: Transition Matrix: P = (1/2 2/3>. Stationary

probability distribution: P = m, where
T = (2/5,3/5)".
Mean recurrence times: @13 = 5/2 and s = 5/3.
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Biological Application of DTMCs

(1) Proliferating Epithelial Cells [MATLAB PROGRAM]
(2) Restricted Random Walk [MATLAB PROGRAM]

(3) Simple Birth and Death Process

(4) SIS Epidemic Process [MATLAB PROGRAM]
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(1) Proliferating Epithelial Cells

Figure 1: Cell division results in two new vertices and three new sides per cell.

Proliferating epithelial cells in animal tissues have a polygonal
shape with most cells being hexagonal (six-sided). An infinite MC is
approximated by a finite positive recurrent MC to show the highest
probability among all of the polygonal shapes is six-sided.

Gibson et al. 2006 Nature
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First Step Transition Matrix

A single cell has s,, sides. Each daughter receives at least two sides
from the parent, leaving s,, — 4 for daughter cells. Let r,.; be
the number of sides distributed to each daughter cell, uniformly and
randomly according to b(s,, — 4,1/2).

: : 1 — 4 1
Prob{2 + rn11 = j|sn =1} = pji = ( B 4> :
First step transition matrix:

(1 1/2 1/4 1/8 1/16 \
o 1/2 1/2 3/8 1/4 --.
O 0 1/4 3/8 3/8
o 0 o0 1/8 1/4
O 0 O 0 1/16
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Second Step Transition Matrix

Each neighbor gains one side after cell division because a new junction
is created. Second step transition matrix:

\ (0 0 0 0 0 \

\
)

n
|
SO =

1 1/2 1/4 1/8 1/16
0 1/2 1/2 3/8 1/4
SM =14 (/) 1?4 3§8 3?8
Y ) 0 0 0 1/8 1/4

¥

Then p(n + 1) = SMp(n) = Pp(n),

o= O O
o O O
e el e B e

| P =sm

Transient class: {4}. Recurrent class: {5,6,...}.

L. J. S. Allen Texas Tech University



Approximate Truncated Transition Matrix is a
Stochastic Matrix

Matrix P is truncated to an m X m matrix; the truncated matrix is
not a stochastic matrix. Approximating the entries to four decimal
places yields a stochastic matrix of dimension m X m. The finite
Markov chain applied to the set {5,6,...,m} is positive recurrent.
The approximate stationary probability distribution for cells up to 10
sides, (5,6,...,10) is

(0.2888, 0.4640, 0.2085, 0.0359, 0.0027, 0.0001)™.

The largest proportion of cells are hexagonal in shape. In addition, the
expected value of 7 is E(7) = 6.

See the MATLAB program.
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(2) Random Walk on {0,1,..., N} or
Gambler’s Ruin

NOERG @) >

Figure 2: Movement right has probability p; movement left has probability q.

Absorbing boundaries, {0}, {IN} are recurrent states and
{1,2,...,N — 1} are transient.
Transition matrix:

(1q0 000\

0 0 g 0 0O

0 p O 0 0 O 1 A O
P=]0 0 p 0 00|l=|0 T 0],

: : : : 0O B 1

0 0O p 0 O

\0 0 0 0 p 1/

where T is an N — 1 X N — 1 matrix of transient states.
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Probability of Absorption

aj, — probability of reaching state 0 from state k
b = probability of reaching state NV from k:

A = PQg+1 + qar—1

—qag_1+ ar —pagy1 =0

ag = 1, any = 0. Expressed in matrix form:

aD:cl
where a = (ag,a1,...,an), c = (1,0,...,0), and
(1 —qg 0 0 --- 0 0\
o 1 —q O --- 0 0
1 —A o0
p = | 7P 1 4 0 0 =<o I—T 0)
' 0 —-B 1
0O 0 0 O 1 0
\0 0 0 o —p 1)

L. J. S. Allen Texas Tech University



An Explicit Solution for the Probability of
Absorption (Extinction)

An explicit solution is

[ (g/p)Y — (a/p)* b
_ (q/p)N —1
ap = < N o i
\ N b=4q
Let N — oc.
1, . p<gq
ap — q
(_> s P > q
D
Table 1: Let K = 50 and N = 100
PI’Ob. aso b50 T50
g = 0.50 0.5 0.5 2500

g = 0.51 | 0.880825 | 0.119175 | 1904
g = 0.55 || 0.999956 | 0.000044 | 500
g = 0.60 | 1.00000 | 0.00000 | 250

L. J. S. Allen Texas Tech University



Three Sample Paths

80

0 200 400 600 800
Games

Figure 3: N = 100, g = 0.55, kK = 50
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Expected Time Until Absorption (Extinction)

7. = E(T}) expected time until absorption beginning from state k.

In matrix form:

L. J. S. Allen

Tk = P(1 + Tet1) + q(1 + Tr—1)

—PTk—1+ Tk — qTe=1 = 1 ‘

r(I-T)=(,1,...,1)

T=(1,19~°°91)(I_T)_1

Table 2: Let K = 50 and N = 100

Prob. aso b5 T50
g=0.50] 05 05 | 2500
g = 0.51 | 0.880825 | 0.119175 | 1904
g = 0.55 || 0.999956 | 0.000044 | 500
qg = 0.60 1.00000 0.00000 250
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(3) Simple Birth and Death Process

The probability of a birth or a death is not constant but depends
on the size of the population. Let X,,, n = 0,1, 2,... denote the size
of the population. The birth and death probabilities are b; and d; for a
population of size 2, by = 0 = dy, b;,d; > 0, for 2 = 1,2,.... During
the time interval At, n — n + 1, at most one event occurs, either a
birth or a death. Assume

Dji = PI‘Ob{Xn_|_1 :le ’L}
(b, if 9 =241
_ ) d;, it g =2—1
1—(b;+di), ifj=1
. O, if 9 A1 —1,2,2+ 1
for : = 1,2,..., poo = 1. The probabilities b; = b;(At) and

d; = d;(At) depend on the time interval At.

L. J. S. Allen Texas Tech University



The Transition Matrix for a Birth and Death
Process

The transition matrix P has the following form:

(1 d; 0 \

0 1—(by+dy) ds LA
0 b, 1—(by+dy) --- :(0 T).
0 0 b, ..

During the time interval At, either the population size increases by
one, decreases by one, or stays the same size. This is a reasonable
assumption if the time interval is sufficiently small.

sup{b; +d;} <1

L. J. S. Allen Texas Tech University



Probability of Extinction

Ifb, =0forz > N and d; = 0 for : > NN and b;,d; > 0 elsewhere,
then the population size is finite. There are two communication classes,
{0} and {1,2,...,N}. The first one is positive recurrent and the
second one is transient. There exists a unique stationary probability
distribution 7, Pm = w, where 7o = land w; = 0O for: =1,2,..., V.
Eventually, population extinction occurs from any initial state:

1
n
lim P"p(0) =7= |0

B v

But if b;,d; > 0 for =« = 1,2,..., then the probability of extinction
may be less than one.

L. J. S. Allen Texas Tech University



When the Probability of Extinction equals One,
the Expected Time to Extinction Can be
Calculated.

Let 7. = the expected time until extinction for a population with initial size k.

T = b(1 + Tet1) + de(1 + T—1) + (1 — (b + di))(1 + 1)

—drTie—1 + (b + di)T — beTer1 = 1

and —dnyT~n_1 + dNnT~n = 1. This can be expressed in matrix form:

|7'D:c
where 7 = (19, T15.--57Tn), c = (0,1,...,1), and D is
(1 —d, 0 0O .- 0 0\
0 b;+d; —dy 0o ... 0 0 N
e Al O E)
\0 0 0 0 ) dN)
‘r:cD_1

L. J. S. Allen Texas Tech University



An Example of a Simple Birth and Death
Process with N = 20.

Suppose the maximal population size is N = 20, where the birth
and death probabilities are linear: b; = 0.03:At, for : = 1,2,...,19,
d; = 0.02:At, for: = 1,2,...,20, At =1 a simple birth and death
process.

x 10

IS

b>d

Expected duration

N

0 5 10 15 20
Initial population size

Figure 4. Expected time until population extinction 7 when the maximum
population size is N = 20, b; = 0.032:At, and d; = 0.02:At.

If At = 1 day, 6 x 10* =~ 160 years.
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(4) SIS Epidemic Model

Y
~ :

o S <
v v
Deterministic Model:
ds B
— = ——1IS5 b I
o N + (b + )
dI 3 1€
— =718 —(b I=—I(N—1I) —(b I
TN b+ ) N ( ) — (b+ )

S(t) = N — I(t), where N = constant total population size.

Basic Reproduction Number: | Ry = i
b+~
If Ry < 1, then tlim I(t) =0.
1
If Ro > 1, then lim I(t) = N (1 — —) > 0.
t— o0 Ro

L. J. S. Allen Texas Tech University



SIS Epidemic Process

Since S(t) = N — I(t) and N is constant, only I(t) is modeled.

Let I(t) be the random variable for the number infectious at time
t =0, At 2At¢,....

pi(t) = Prob{I(t) =<}, ¢+ =10,1,2,...,N.

Transition Probabilities:

pji(At) — PI‘Ob{I(t + At) = ]|I(t) — ’I,}

L. J. S. Allen Texas Tech University



Transition Probabilities

([ Bi(IN — 1) .
( N) At, jJ=1+1
b+ v)itAt j=1—1
pji(At) = | Bi(N — 1) , .
1—[ ~ + B +y)| AL, =1
| O, jFt+1,2,2 — 1.
Similar to a birth and death process:
([ b(i)At, j=1+1
- . d(i)At, j=1—1
A= 1) + a@)ae, G =i
L 0 ] F#1+1,2,1 — 1.

= OAONONO)

Recurrent class: {0} Transient class: {1,..., N}.

lim po(t) = 1. ‘

L. J. S. Allen Texas Tech University



Three Sample Paths

W B (o)
o o o
T T T

Number of Infectives

N
o
T

0 500 1000 1500 2000
Time Steps

Figure 5: Three sample paths of the DTMC SIS epidemic model are
graphed with the deterministic solution (dashed curve); At = 0.01,
N =100, 8=1, b =0.25, v = 0.25, and I(0) = 2.
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Part |I:

Discrete-Time Branching Processes (BP)
Single-Type and Multi-Type BP

Single-Type BP: The term “single-type” refers to the fact that all
individuals are of one type such as the same gender, same cell type, or
same genotype or phenotype.

(1) Cell Cycles, Active and Quiescent

Multi-type BP: Instead of only one type, there are several types of
individuals. A population may be divided according to age, size, or
developmental stage, representing different types. In genetics, genes
may be classified as wild or mutant types.

(2) Age-Structured Population

L. J. S. Allen Texas Tech University



Single-Type Galton-Watson BP

In 1873, Galton sent a problem to the Educational Times regarding
the survival of family names. When he did not receive a satisfactory
answer, he consulted Watson, who rephrased the problem in terms

of generating functions. These types of problems are called Galton-
Watson BP.

Assumptions:

(i) Each individual in generation n gives birth to Y offspring of the same type, where
Y is a discrete random variable. Offspring probabilities:

p; = Prob{Y =3}, 7=0,1,2,....

(i) Each individual in the population gives birth independently of all other individuals.

(ili) The same offspring distribution applies to all generations.

L. J. S. Allen Texas Tech University



A Stochastic Realization or Sample Path of a BP

Let X() = 1.

3

Figure 7: A sample path or stochastic realization of a branching
process {X,}>° .. In the first generation, four individuals are born,
X7 = 4. The four individuals give birth to three, zero, four, and
one individuals, respectively, making a total of eight individuals in

generation 2, X, = 8.

L. J. S. Allen Texas Tech University



Definition of Probability Generating Function

Probability generating function (pgf) of X

f(t) = E(tX) = ijtj, some t € R.
§=0

As the name implies, the pgf generates the probabilities associated
with the distribution

f(0) = po, f(0)=p1, f"(0)=2!p..

Mean:

1) => jp; = BE(X) =m.

=1

L. J. S. Allen Texas Tech University



PGF h,, of the Galton-Watson BP X,

Let the pgf of X,, be h,, and the offspring pgf f(t) = > 7o, prt”.

Xo=1: ho(t) =t, hi(t) =D 1o, Ptk = F(2).

hn(t) = F(F(--(f(2)---)) = ().

Xo = N:|ho(t) =t", hn(t)=[f"®I"

L. J. S. Allen Texas Tech Univers

ity



Extinction Theorem in Branching Processes.

Theorem 1. Assume X, = IN and the offspring distribution {p;}3°,
satisfies po > 0 and 0 < py + p1 < 1.

(i) If m < 1, then

lim Prob{X, =0} = lim h,(0) = lim [f*(0)]" =1

n—>00

(ii) If m > 1, then there exists unique g < 1 such that f(q) = g

lim Prob{X, = 0} = lim h,(0) = lim [f*(0)]N = ¢

" — 00

L. J. S. Allen Texas Tech University



Extinction in Branching Processes.

The Galton-Watson BP is referred to as supercritical if m > 1,
critical if m = 1, and subcritical if m < 1.

If the process is subcritical or critical, then the probability of
extinction is certain.

But if the process is supercritical, then there is a positive probability,
1 — g%, that the population will survive. As the initial population size
increases, the probability of survival also increases.

L. J. S. Allen Texas Tech University



(1) Cell Cycle: Active and Quiescent

Each cell after completing its life cycle, doubles in size, then divides
into two progeny cells of equal sizes. After cell division, some cells die,
some remain inactive or quiesce and some keep dividing or proliferating.

(1) Cell proliferation, probability p,
(2) Cell death, probability p
(3) Cell quiescence, probability p;, po + p1 + p2 = 1.

Proliferating F

Prolifprating D4ad Quigscent Proliferating DEJad Quieg

Kimmel and Axelrod, 2002

L. J. S. Allen Texas Tech University



The Cell Cycle is a Galton-Watson Process

Let X,, be the number of proliferating cells at time nn. The offspring
pgf is

ft) = (po+p1)?+ 2p2(po+ p1)t + p§t2
= (pat + po + p1)?

The mean of the proliferating cells is

m = f,(]_) — 2p2.

If po < 1/2, then with probability one the cell line will go extinct.
If po > 1/2 and X, = 1, the probability of extinction is determined by
the fixed point g = f(q):

1 — 2
lim Prob{X,, = 0} = \ fz) .

L. J. S. Allen Texas Tech University



Multi-type Galton Watson BP

A multi-type GWhbp {X(n)}fzo is a collection of vector random
variables ff(n) where each vector consists of k different types,

X (n) = (X1(n), X2(n), . .., Xi(n)).

The offspring pgf of X; is f;(t1,t2,...,tx). The mean number of
7-type offspring by an i-type parent is

. Bfi(tla lay ..., tk)
B ot

mjz-

t1=1,t2=1,...,t=1

Expectation matrix:

mi; M2 -+ Mg
m21 M2z -+ M2k

Mp1 Mi2 -+ Mgk

L. J. S. Allen Texas Tech University



Extinction Theorem for Multi-type
Galton-Watson BP

Theorem 2. Let the initial sizes for each type be X,;(0) = N,
1 =1,2,...,k. Suppose the generating functions f; for each of the k
types are nonlinear functions of t; with some f;(0,0,...,0) > 0, the
expectation matrix M is regular, and X\ is the dominant eigenvalue
of matrix M.

(i) If A < 1, then the probability of ultimate extinction is one,

lim Prob{X(n) =0} = 1.

" —> 00

(i) If A > 1, then the probability of ultimate extinction is less than
one,

lim Prob{X(n) = 0} = qNgl?...g™* |,

" —00

where (q1,q2,...,qx) is the unique fixed point of the k generating
functions f;(q1,...,9x) = s and 0 < q; < 1,1 =1,2...,k.

L. J. S. Allen Texas Tech University



(2) Age-Structured Population

The number of females in k different age classes are modeled.

Type 1 represents newborn females.

A female of age ¢ gives birth to r females with probability b; ,, then
survives, with probability p;,; ; to the next age 7 + 1.

The mean number of female offspring by a female of age 2 is

b; = bi1 + 2bi2+3bj3+---.

Age k is the oldest age.

o @)
[Pit1,itit1 + (1 — Pit,i)] Z birty,

r=0

fz'(tla t27 X tk:)

Sre(ti,ta. .. tk) br,o + brats + bat] + - = Z byt .
=0

L. J. S. Allen Texas Tech University



Expectation Matrix is a Leslie Matrix

Expectation matrix:

( by by -+ br— bk\
pa1 0 .- 0 0
M= 0 p3sp --- 0 0|,

L0 0 0 e 0

In demography, matrix M is known as a Leslie matrix.

L. J. S. Allen Texas Tech University



An Example with Two Ages or Stages.

Type 1 and Type 2

filti,t2) = [(1/2)t2 +1/2][1/2 + (1/6)t, + (1/6)t] + (1/6)t]]
fa(ti,tz) = 1/44 (1/4)t1 + (1/49)t7 + (1/4)t;.

The mean number of offspring:
bl — bl,l —I— 2b1,2 —|— 3b1,3 — (1/6) —|— 2(1/6) —|— 3(1/6) =1

b2 — b2,1 —I— 2b2,2 + 3b2,3 — (1/4) —|— 2(1/4) —I— 3(1/4) — 3/2

L. J. S. Allen Texas Tech University



Expectation Matrix

Expectation matrix:

M = (1}2 3(/)2)

has a dominant eigenvalue equal to A = 3/2.

The fixed point of f;(q1,q2) = q;, 1 = 1,2 is

(g1, q2) ~ (0.446,0.443).
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