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STOCHASTIC DIFFERENTIAL EQUATIONS ARE
BECOMING INCREASINGLY MORE POPULAR

(1) Random effects in biological, physical, and financial prob-
lems can be modeled using stochastic differential equations.

(2) Stochastic models are considered to be more realistic for
many problems.

(3) A procedure for deriving accurate stochastic differential
equation models is useful to understand.

(4) For simulating stochastic differential equations, computa-
tional procedures are generally necessary.



This Lecture Is Divided Into Several Parts

(1) A procedure is described for deriving a stochastic differen-
tial equation from an associated discrete stochastic model.

(2) Stochastic differential equation systems are derived for sev-
eral population problems. (Modeling with SDEs continues in
the second lecture.)

(3) Commonly used numerical procedures are described for
computationally solving systems of stochastic differential equa-
tions.



To Introduce SDE Modeling, Consider The Birth-Death
Process

Let u(t) be the population size and let b and d be birth and death
rates. The dynamics of the birth-death process is represented
exactly by:

u(t + (At)) = u(t) + (Au)y, u(0)=a

where (At); is the time interval to the next birth or death after
time ¢, (Au); = 1 with probability b/(b+ d), and (Au); = —1 with
probability d/(b+ d).

In addition, (At); is exponentially distributed and if 5; is a
random number uniform on [0, 1], then

(At)y = —log (B;)/((b+ d)u(t)).

The above is suitable for Monte Carlo computations, but these
equations give little insight into the birth-death process.



A Deterministic ODE Model Is Often Used For The
Birth-Death Process

Since E(u(t+ At)) = E(u(t)) + (b — d)E(u(t))At for small At, it fol-
lows that

where v(t) = E(u(t)).

This ODE is so common and so well-accepted that it is often
forgotten that there are two important assumptions:

(1) v(t) is not the population size; it is the mean size, and

(2) v(t) varies continuously, i.e., the population size can have
fractional values.

In this model, we have lost information about the randomness
in the birth-death process and about the population’s integer
size values.



An SDE Model Retains The Random Nature Of The
Birth-Death Process And Gives Insight

As derived later, an SDE for the birth-death process is:
dy(t) = (b— d)y(t)dt + /(b + dylt) AV (), y(0) = a

where W (t) is the Wiener process and W (t;) — W (t;) is normally
distributed with mean 0 and variance ¢, — t; for any ¢, > t;.

This SDE model generalizes the deterministic ODE model. but
there are an infinite number of solutions just as in nature. Each
solution is called a sample path, a trajectory, or a trial.

Indeed, the sample paths have exact first and second moments.
That is,

E(y(t)) = aexp (b—d)t
Var(y(t)) = a(b + d)(exp (2(b — d)t) — exp ((b — d)t)) /(b — d).



Calculations Indicate That An SDE For The Birth-Death
Process Is Very Reasonable
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Figure 1: Calculated Sample Paths for a Birth-Death Process where b=1.0 and d=0.5

The SDE captures the random behavior of the birth-death pro-
cess even though the population values are not integers.



For SDEs, It Is Very Useful To Understand Wiener Processes

The Wiener process satisfies certain properties:
(a) W(0) =0,

(b) W(t) ~ N(0,t), that is, W (¢) is distributed normally with
mean 0 and variance ¢ for each ¢,

(c) W(t+ At) — W (t) ~ N(0,At) for each t and each At,

(d) the Wiener process can be generated by the recurrence:

W((k+1)At) = W (kAt)+V At n, for k=0,1,2,... and n. ~ N(0,1),

(e) Wi(t3) — W(ty) is independent of W (ty) — W (ty) for t; < ty < ts.
Indeed,

E(W (t3) =W (t2)) (W (t2) =W (t1)) =0 but  E(W(ty)=W(t1))* = ta—t1.

f) the Wiener process is continuous but nowhere differen-
(
tiable.



Generation of a Wiener process gives some understanding

A sample path of a Wiener process W (t) can be easily gener-
ated at a finite number of points.

Suppose that a Wiener process trajectory is desired on the in-
terval [t),ty] at the points {t;})Y, where t, = 0. Then, W(ty) =0
and

Wi(t) =WI(ti1) +nicin/ti — tizq, for i=1,2,... N,

where 7, ; are independent normally distributed numbers.

The values W (t;), « = 0,1,..., N, determine a Wiener sample
path at the points {t;}7,.

(Note that the normally distributed random numbers, 7, ; for
1 =1,2,...,N, are generally found using pseudo-random number
generators.)



Two Sample Paths (Or Trajectories) Of The Wiener Process
Illustrate Its Random Behavior
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Figure 2: Two Wiener Processes On [0,1]



SDEs Are Defined From Stochastic Integrals

The Ito integral fabf(t) dW (t) is defined to be

[ swaw = im 3 ) (Wit - W)
where t; = a +iAt and At = (b —a)/m.

Two useful properties are:

(1) E(f, f(t)dW () =0
(2) E(f) f(t)dW (t))? = [] E(f(t))* dt

In addition, if X(¢ fo t)dt + fo t)dW(t), we say that X(t)
satisfies the Ito SDE

T s+ oSG or dX(W) = @) de+ g0 W (o)




It6 Stochastic Differential Equations Are Popular

An Ito SDE has the form

t t
X(0) = X0+ [ s, X(s))ds+ [ gls, X(5)) dW(s)
0 0
for 0 <t < T where X(0) is given.
In differential form,

dX(t) = f(t,X(t))dt + g(t, X(t)) dW(t)

where f is called the drift coefficient and ¢ is called the diffu-
sion coefficient.

To prove existence and uniqueness, it is often assumed that f
and ¢ satisfy:

Condition (a): |f(t,z)— f(s,y)|* < k(|t—s|+|z—y]?) for 0 < s5,t < T
and z,y € R.

Condition (b): |f(t,x)]* < k(1 +|z|*) for 0 <t < T and x € R.



Solutions of the SDE are Bounded and Continuous

Assuming that f and g satisfy (a) and (b) then there are con-
stants ¢; and ¢, such that:

Boundedness:

B X(#t)*<e¢ for 0<t<T.

Continuity:
B Xt)—X(r)*<elt—r] for 0<r,t<T.

(So, given ¢ > ( there is a § > 0 such that (E|X(t) — X (r)|})'/? < ¢
when |t —r| < §.)



It6’s Formula Is Very Useful To Understand

Ito’s formula says that a smooth function, F(t, X(¢)), of the
stochastic process X (¢) also satisfies an SDE.

Consider the Ito SDE in differential form:
AX(t) = f(t, X)) dt + g(t, X(t))dW(t) for 0 <t <T.

Let F' be a smooth function. Itdo’s formula says:

1P X () = (angt,X) ' X)aFg;X) %g%, X><92£(‘3(;,2X)) o
L)k g;’X)dW(t).

Ito’s formula helps us, for example, determine exact solutions
or moments for certain SDEs. In doing this, useful is:

E < /0 t G(t, X (1)) dW(t)) — 0.



SKETCH OF A PROOF OF ITO’S FORMULA

The proof of Ito’s formula relies on using the Taylor series
expansion to o(At):

F(t+At, X(t+ At)) — F(t, X(t)) ~ aFggmAt +
+3F§§’(X>(X(t LA — X(8) + %a Z;;’QX)(X(t LAY — X (1)

Dividing by At and using, also to order o(At), the approxima-
tion:

X(t+ At) — X(t) = /t ’ f(s)ds + /t ’ g(s)dW (s) = f(£)AL + g(£) AW,

we obtain that:
dF(t,X(t)) OF(t,X) OF(t,X) dW (t) 10°F(t, X)
@ o ox (ﬂt) o= ) toaxe 90

where we used

E(AW)? = E(W(t+ At) — W (t))* = At.




Example: Finding Exact Moments For An SDE

Consider the SDE:
1

X (1) = —ix%s) dt + %X2(t) AW (1) with X(0) =

In this example, E(X(t)) and E(X°(t)) are to be determined ex-
actly.

First,

1
dE(X (1)) = —ZE(XS(t))dt with E(X(0)) = 5
so F(X3(t)) is needed in order to find E(X(t)). Applying Itd’s

formula to the SDE gives

AXP (1) _ZX%) T 2){5@) dt + §X4(t) AW () §X4<t> A (1)
with E(X3(0)) — %

1
Thus, E(X?(t)) = 3 and it follows that F(X(t)) = = — —t.



Example: Finding Exact Moments For An SDE

Consider the stochastic differential equation
1
dX(t) = [§X1/3(t) +6X2/3(t)] dt + X23(t)dW (t) with X(0) = 1.

In this example, we wish to determine E(X(¢)) and E(X?(t))
exactly. First notice that

dB(X(t)) # E(E(X(t)))l/g - 6(E(X(t)))2/3] dt

so an appropriate change of variables is required to find the
moments. Let

Y, (t) = (X(t))"? for n=0,1,2,...,6.

Next, applying Ité’s formula, the stochastic differentials are
obtained

1 n— e e
dY,(t) = [1—8<n2 — )X (1) +2nXTl(t)] dt + {gx%@)} dW (t)
with Y, (0) =1 for n=0,1,2,...,6. Then,

dY,(t) = [1—18<n2 )Y, o(t) +2nYn1(t)] dt + [gYm(tﬂ AW (¢)

for n=20,1,2,...,6.



Letting Z,(t) = E(Y,(t)) = E((X(t))"?), then the initial-value sys-

tem 1s:

dz, (t 1
M) (02— ) Zualt) + 20 Z,(0) for n=1.2,....6

with Z,(0)=1for n=1,2,...,6 and Zy(t) = 1. Solving this gives
Zi(t) = B(X@)Y?) =2t +1

37
Z5(t) = B((X(t)*?) = 4> + St

38 19
Z5(t) = E((X(t)) = 8t° + §t2 +5t+1
656 2660 49145 665 41
Zt) = B(X(N) =644 + —¢> + ¢t 7= =3 0 2 0 .
o(t) = E((X(1)") g U T T ot

In particular, F(X(1)) = 28.0 and E(X?*(1)) = 869.0206.



Example: Finding The Exact Solution Of An SDE

Consider the SDE (Ornstein-Uhlenbeck):
dX(t) =B(X.— X)) dt + adW(t), X(0)= X

where (3, o, X., and X, are constants. Let F(t,X) = "X (t). By
Ito’s formula,

d(e"X (1)) = [Be"" X () + Be™(X. — X (t)] dt + ae”" dW (t)
Thus, t
MX(t) - Xg=e"X, — X, + / ePa dW (s).
0

So the exact solution is

t
X(t) =X, + (Xo— X )e "+ e_ﬂt/ e a dW (s)
0

and, at large time ¢, X (t) is approximately normally distributed
with mean X, and variance o?/(23).



Example: Finding The Exact Solution Of An SDE

Consider the stochastic differential equation
dX(t) = f(t)X(t)dl + g(t)X(t) dW (L), X(0)= X,

where X is a constant. For this problem, the exact solution
has the form

x(0) = Xooo ([ (76603 as+ [ glsyawis))
To see this, let F(t,X) =In(X(¢)). Applying Ito’s formula,

A(n(X (1)) = [£(0) ~ 5°(0)] di + a(t) WV (1)
Thus,

n(X(0) = (X0) = [ (f(5) = 59%6)) ds + [ gls)aW ()

which yields the solution.



The Forward Kolmogorov Equation Is Useful To Understand

The probability distribution of solutions to a discrete-valued
continuous stochastic process satisfies a system of differential
equations called the forward Kolmogorov equations. An anal-
ogous result holds for the probability distribution of solutions
to an SDE. The probability distribution of solutions to an SDE
satisfies a PDE called the forward Kolmogorov equation.

Consider the stochastic differential equation

dX(t) = f(t, X (1)) dt + g(t, X (£)) dW (£).

By applying Ito’s formula, it can be shown that the probability
density for solutions to the SDE satisfies:

Op(t,x) _ 3(p(taf€)f(t,37)>+}52(p(t733)92(56,t>).

Ot Ox 2 0%x

In particular, P(a < X(t) < b) = fabp(:lz,t) dx.



SKETCH OF A PROOF OF THE FORWARD KOLMOGOROV EQUA-
TION

Consider the stochastic differential equation
dX(t) = f(t, X(t))dt + g(t, X(t)) dW (2)
and let ' € C(R). Applying It6’s formula to F(X) gives

v ) = (e300 2502 L0 A
Lt x)2L g;X ) aw ).
Because

e ot X ()22 ) o,

then

dE(F) _[0F , 1 ,0°F
it —E[a—xf T3 37]

Let p(t, ) be probability density for solutions to the SDE. Then,

o0 O 82
[ ptared= [ o (G 50| da

—0

oo



Integrating by parts the right-hand side yields

/_OO Flz) [510(?5,95) L Ot 2)f(t, 7)) 10%(p(t, 2)g°(t, )

Ot Ox 2 0%z dv =0,

o0

As the above integral holds for every function F' € C;°(R), this
implies that

Op(t, ) _ 0(19(75,?1/’)]"(@1?))+}32(p(t>$>92($,t))_

Ot Ox 2 0%z

This equation is the forward Kolmogorov equation or Fokker-

Planck equation for the probability distribution of solutions to
the SDE.

Also, the forward Kolmogorov equation for a system of SDEs
is:

8 :E’ t:l:'fZ )]




EXAMPLE: SOLUTION OF A FORWARD KOLMOGOROV EQUATION

Consider the stochastic differential equation

{dX(t):adt+de(t)

The probability density of the solutions satisfies the forward
Kolmogorov equation

Op(t,x) _ Olap(t,z)) | b*0(p(t x))
ot Ox 2 0%z
p(0,2) = d(x — x0).

The solution to this partial differential equation is

b= 1 —(z — at — xp)*
p( 733) o \/mexp 2b2t .




Numerical Methods To Approximate SDEs Are Valuable

The exact solution to an SDE is generally difficult to obtain
so methods to approximate the solution are important. The
Euler-Maruyama method is the most commonly used numeri-
cal method.

The Euler-Maruyama method has the form

for i = 0,1,2,...,N — 1 where X; ~ X(t;), t; = iAt, At = T/N,
AW, = (W(tiv1) — W(ti)) ~ N(0, At).

To study the error in this method, we approximate the solu-
tion for all ¢ € [0,7] and not just at the nodal points ¢;. To
accomplish this, let X (¢) ~ X (t) be defined as

A

X(t) =X+ [tf<ti7Xi> ds + [tg<t¢,X¢) dW (s)

fort, <t<t,,yand :=0,1,..., N — 1. Notice that X is identical
to Euler’s method approximation at the nodal points, that is,
X(th) :Xz fOI"L:O,l,,N



On the ith subinterval, X(¢) is the solution of the SDE
{ df((t) = f(ti, Xo) dt + g(t;, Xi) dW (1), t; <t <ty
X(t;) = X;.
Recall that the solution X(¢) satisfies the SDE
dX(t) = f(t, X(2)) dt + g(t, X(1)) dW (1), t; <t < tip1.

Define the error as €(t) = X(t) — X(t). Then the error ¢ satisfies
the SDE

{ de(t) = (f(t, X(t)) = f(t;, Xi)) dt + (g(t, X (1)) — g(ti, X)) AW (D),
e(t;) = X(t;) — X(t;)

for t;, <t <t;,;. Using Itd’s formula, the stochastic differential
for €(t) is:

d(e(t)) = 2(X(t) — X (1) (f(¢, ()) f( X)) dt
+(gt, X(1)) — glts, X)) dt +2(X () — X(8)) (g(t, X (1)) — g(ts, X2)) AW (t)



Hence, E(c*(t;,1)) satisfies
B@(t) = BEw)+E [ (alt, X(0) - g(t, X))’ d
R /t T - X)) (F(E X (1) — flt, X)) di

+E[é+12(X(t) — X (1) (g(t, X () — g(t:, X;)) dW (1)

Using the inequality [2ab| < a* + b* and properties of stochastic
integrals,

E(e(tis1)) < E(GZ(ti))+[i+lE(X(t) — X(t)*dt

w7 B X~ £ XD+ [ Blglt, X(0) = gl X)) dt
But

(8, X (1) — f(ti, Xo)|* < 2| f(t, X (1) — flt, X ()]
+2| f (i, X (t:) — f(ti, Xi)[°
< k|t — t;] + 2K X (1) — X ()2 + 2k X () — Xi|?



and similarly for g. Hence,

E(E(t) < B(E() + / UB(X(1) - X(1) dt

itl+1 i+1
+4k(1+c)/ (t —t;) dt+4k/ E(e
ti

using F|X(t) — X (¢;)]* < c|t — t;|. Therefore,

E((tiv1) < E(e(t))(1 + 4kAt) 4 2k(1 2+/ZHE

By Bellman-Gronwall inequality with b(t) = E(¢*(t;))(1 + 4kAt)
+2k(1 4 ¢)(At)?,

B(e(tin) < B(E(t)(1+4kAL) + 2k(1 + ) (Ab)?
+ / T etti) (E((t;))(1 + 4kAL) + 2k(1 + ¢)(At)?] dt

= - [E(ez(tz-))(l + 4kAt) + 2k(1 + c)(At)Q] :
Letting a; = E(e*(t;)), R = e2'(1 + 4kAt), and S = e22k(1 + ¢)(At)?,
then
air1 < Ra;+ S for 1=0,1,2,...,N — 1.



These inequalities yield

RN —1
R—1

ay < 8 with ay = E(e*(0)) = 0.

Hence,

eAtQk(l + C)(At>26NAte4kNAt - Ay
eAt — 1 4 eAUEAL -

This holds for any nodal point and, thus, the mean square er-
ror satisfies

B(&(ty)) < (1+ C>6(1+4/€)T.

E|X(t;) — X;]* < et
for i =0,1,2,...,N where ¢ = %(1 + ¢)eI T,

(By Chebyshev’s inequality, given ¢ > 0, the probability that
| X (t;) — Xi| > € goes to zero as At — 0.)



Milstein’s Method Is A Well-Known Higher-Order Method

Higher order numerical methods for SDEs are similar to higher
order methods for ODEs. For example, there are explicit or
implicit multistep methods and Runge-Kutta methods.

A popular second-order method is Milstein’s method and has
mean square error proportional to (At)? rather than At. Mil-
stein’s method has the form

Xiv1 = Xi+ [f(ti, Xi) At + g(ti, X;) AW,

1 \9g(t, X;) N2
2ot X) 2 X e g

for + = 0,1,2,...,N — 1 with X, = X(0,), where X; ~ X(t;),
AW, = (W (tisq) = W(t;)) ~ N(0,At), t; =iAt, At =T/N.

Milstein’s method has an additional term at each step in com-
parison with Euler’s method.



Example: Approximation Of An SDE By Euler-Maruyama
And By Milstein

Consider the stochastic differential equation

3

It was shown earlier that F(X (1)) = 28.0 and F(X?*(1)) = 869.0206.
For this problem, Euler’s method has the form:

dX (t) = FXl/?’(t)JrGXQ/?’(t)] dt + X*3)dw (t), X(0)=1.

1
Xi—i—l — X@ + [gXll/g + 6Xz2/3] At + Xf/?)\/ At 1); where n; ~ N(O, 1)

for i = 0,1,2,...,N — 1 with Xy, = 1, t;, = ¢At, and At = 1/N.
Milstein’s method has the form

1 1
Xi =X, + lng/ P rex 3] At + XV At + ng/ SmE = 1)At

where n; ~ N(0,1).



The calculational results for the mean square error E|X(1)—Xy|”
are given in the table for 10,000 sample paths for each value

of V.
Value of N Euler Error Milstein Error
29 2.80 x 1072 1.61 x 102
210 1.04 x 102 4.03 x 1073
ol 4.20 x 1073 1.01 x 1073
212 1.89 x 1073 2.53 x 1074
213 8.76 x 10~ 6.24 x 107°
old 4.12 x 1074 1.60 x 10~

Notice that the mean square errors are approximately propor-

tional to At = 1/N for Euler’s method and to (At)* = 1/N* for
Milstein’s method.
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Figure 3: Mean solution and one sample path

The mean and one sample path are plotted in the figure for
this problem.



Next, for this example, F(X(1)) and E(X(1))* were estimated us-
ing E(X (1)) ~ Y1000 x 0 1100, 000 and E(X(1))% ~ S22%%00 x 012 /100, 000

| j=1 j=1
where Xj(\‘[?) is the estimate of X (1) for the jth sample path using
N intervals.

In the table, the errors are given in parentheses. Recall that
E(X(1)) =28.0 and E(X?*(1)) = 869.0206 are the exact values. No-
tice that the errors in the mean values are proportional to At
for either numerical method. In particular, the errors in Eu-
ler’s method when estimating mean values are proportional to

At rather than (At)!/2,

Value of N Euler Estimate Milstein Estimate

20 27.07 (0.93) 27.08 (0.92)

27 27.56 (0.44) 27.56 (0.44)

28 27.79 (0.21) 27.79 (0.21)
Value of N Euler Estimate Milstein Estimate
20 810.15 (58.87) 810.18 (58.84)

27 840.89 (28.13) 840.93 (28.09)

28 855.33 (13.69) 855.31 (13.71)




There Are Two Forms of Approximation: Strong And Weak

This example illustrates that are two kinds of approximation
in computational solution of SDEs.

A method is a strong approximation of order 7 if
(E(X(T) = Xn)*)'? < e(At)

where X(T') is the exact solution at time 7 and Xy is the ap-
proximate solution.

Euler’s and Milstein’s methods have strong orders % and 1.
However, if expectations of functions for an SDE are desired
and not necessarily the pathwise approximation of a strong ap-
proximation, then a weak numerical method may be sufficient.

An approximation Xy is said to converge weakly with order
if
[E(F(X(T))) — E(F(Xy))| < c(At)”
for all smooth functions F'.
Euler’s and Milstein’s method both have weak order 1.



Richardson Extrapolation Can Increase The Accuracy Of
Weak Approximations

Both Euler’s or Milstein’s method have weak-error expansions
of the correct form for applying Richardson extrapolation.

The weak error for Euler’s or Milstein’s method has the form
E(F(X(T))) — E(F(Xy)) = 1At 4 co( AL + c3(AL)? + ..
where At =T/N and cy, o, c3,... are independent of At.

Several approximations with different values of N can be ap-
plied to obtain a higher order approximation. Suppose that
E(F(Xy)), F(F(X2n)), and E(F(X,y)) are three approximations
to E(F(X(T))) using step lengths of T'/N, T/2N, and T/4N in
Euler’s or in Milstein’s method.

To obtain an approximation to F(F(X(T))) of order (At)?, let
E(F(X(T))) — [2E(F(Xon)) — E(F(Xy))] = ca(At)* + c3(AL)° + ...

To obtain an approximation to E(F(X(T))) of order (At)’, let

B(P(X(T)))— [SE(F(Xux)~6E(F(Xax )+ E(F(X )] /3 = (At ..



An Example Illustrates Richardson Extrapolation

For the previous example, the following approximations to
E((X(1))?) are obtained using the Euler-Maruyama method:

E((Xs)?) = 810.15, E((X128)*) = 840.89, and E((Xy5)°) = 855.33.

To obtain O((At)?) and O((At)?) approximations, respectively, to
E((X(1))%) we calculate

2E((X128)?) — E((Xe4)?) = 871.63

and
BE((Xas6)?) — 6E((X198)%) + E((Xea)?)] /3 = 869.15.

As E((X(1))?) = 869.02 exactly, the original Euler approximations
are much improved through extrapolation.



Systems Of SDEs Can Be Treated In A Similar Manner

Ité’s formula and numerical methods can be extended to sys-
tems. Let

X(t) = [X2(6), Xa(t), -, Xa(®)]
W(t) = [Wi(t), Wa(t), ..., Wu(t)]"
F:00,T] x R - R? and ¢:[0,7] x RY — R,

where W;(t),1 < < m are independent Wiener processes.

Then a system of stochastic differential equations has the form
dX(t) = f(t, X(t)) dt + g(t, X(t)) dW (1),
In component form, the system is

Xi(t) = X;(0) + /0 fi<s,)2(s))ds+z /0 gi.i(s, X(s)) dW;(s)

for:=1,2,....d.



It6’s Formula Generalizes For Systems Of SDEs
Let
F: 0,7 xR = R* and let Y(t,w)= F(t, X(t,w)).

Then the pth component of ?(t,w) satisfies:

d d m
| 0F, OF, 1 0*F,

dt



Example of I1t6’s Formula For An SDE With d =1 and m =2

Consider the SDE:

dX(t) =*X(t)dt +tdWi(t) + X (t)dWsr(t), 0<t<T
{X(O) =1,

where d =1 and m = 2.
For this problem, f; = t*X, g1 =1, and g;»= X.

Consider using Itd’s formula to find the SDE for FF = X%, Ap-
plying Itd’s formula,

{ d(X?(t)) = [262X2(t) + % + X2(t)| dt + 2t X (t) dWA(t) + 2X7(t) dWs(2)
X?(0) = 1.



The Euler-Maruyama And Milstein Methods Extend To
Systems

Euler’s method for systems has the form

Xn1(w) = Xo(w) 4 fltn, Xo(w) AL+ g(tn, Xo(w) AW, (w)
for n =0,1,2,...,N, where X,(w) ~ X(t,,w), At = T/N, AW, =
W(tn+1) - W(tn>.

In component form, Euler’s method is:

Xip1(w) = Xin(w) + fi(tn, Xn<w)>At + Z 9i,j(tn, Xn("U»AWj,n(w)

J=1

for i =1,2,...,d, where AW,,, ~ N(0, At).



Milstein’s method for multidimensional SDEs involves the dou-
ble stochastic integral

tn+At S
[n(jlaj2> — / / dWJ&(T) dWJé(S)-
tn tn

Milstein’s method has the componentwise form

Xi,n+1(w) — Xi,n(w) + fi(tna Xn<w>>At + Z gz’,j(tny Xn<w))AWj,n<w>

J=1

d
0@
+ S‘S‘S‘gzﬂ L1, (1, o)

J1=175o=1 [=1
for:=1,2,...,d.




An Example Of Approximation Of An SDE With d =1 And
m =2

Consider the SDE;

dX(t) = t* X (t)dt + tdWy(t) + X (t)dWa(t), 0<t<T
(X0

where d =1 and m = 2.

For this problem, Euler’s method has the form

{ X1 = X, + XA+ 1, AW, + X, AW,
Xy =1,

for n=0,1,2,..., where AW, ,, AW,,, ~ N(0,At) and ¢, = nAt.

Milstein’s method has the form

{ X1 = Xy + XA+ 6, AW + X AWs,, + 1,1,(1,2) + X, 1,(2,2)
XO — 17

for n=0,1,2,....



It is useful to note that

tn+AtL S 1 )
Lwi)= [ [ dWadWs) = S((aW,)° - a1

but I,(j1,72) for j; # j» does not have an analytical form and
must be approximated.

This multiple integral can be approximated by a Fourier series
expansion. Also, if [t,,t,,1] is divided into M equal intervals
with t,, =t,+jAt/M for j =0,1,..., M, then

M-1

L(J1, J2) = 1n(J1, J2) Z - Jl(to n)Hsz(th,n) - sz(tj,n)]-

It can be shown that E|I, — I,|* = (At)?/(2M).



A Procedure For Deriving Accurate SDE Models Is Useful

The derivation procedure is analogous to that used for many
ODEs models. Basically,

(1) The process is studied for a small time interval At.

(2) The changes in the process leads to a differential equation
model.

For example, consider deriving an ODE model for the temper-
ature of an object immersed in a liquid held at temperature
T7. Suppose for interval At, the change in the temperature is
proportional to the difference between the object’s tempera-
ture 7T'(t) and the liquid’s temperature 77.

Based on this, AT = (T, — T(t))At where « is a constant.

Setting AT = T(t + At) — T(t) and letting At — 0, one obtains
Newton’s Law of Cooling:
dT

— a(T) = T).
dt (T =T)



The Procedure For Deriving Accurate SDE Models Is Useful

The derivation procedure can be applied to randomly varying
dynamical systems in physics, engineering, and biology and is
similar to stochastic modeling procedures used in chemistry.

In the procedure, a finite At produces a discrete stochastic
model. The discrete stochastic model then leads to a stochas-
tic differential equation model as At — 0. Specifically:

(1) A discrete stochastic model is developed for the random
dynamical system. In particular, for a small time interval At,
the possible changes with their corresponding transition prob-
abilities are determined.

(2) The expected changes and the covariance matrix for the
changes are determined for the discrete stochastic process.

(3) A stochastic differential equation model is inferred by sim-
ilarities in the forward Kolmogorov equations between the dis-
crete and continuous stochastic processes.
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THE PROCEDURE IS ILLUSTRATED FOR A
TWO-STATE PROBLEM

Let Si(t) and S5(t) represent the values of two states at time t.

It is assumed that in a small time interval At, state S; can
change by —\;,0, or +)\; and state S, can change by —)\,,0, or
+Xo where )\, \y > 0. Let AS =[S, S5]! be the change in a small

time interval At.

The changes and probabilities are listed in the table.



For example, change 1 represents a loss of \; in Si(¢) with prob-
ability d;At.

Change 5 represents a transfer of \; out of state S; with a cor-
responding transfer of \; into state S, with probability m,At.

Change 7 represents a simultaneous reduction in both states

Sl and SQ.
Change Probability
ASW = [=),0]7 = di(t, Sy, So) At
A§2 — :)\1,O:T Do = b1<t Sl, 2)At
3 =10, —Xo|t = dy(t, Sy, S9) At
=10, X" pa = ba(t, S1, S2) At

mu(t,
= [A, =" pe m21(t S1,S9)At
= [=A1, =o' pr=mu(t, 51, Ss)At
= [A, A" ps = mao(t, S, So) At
- :07 O]T pg=1— Zizl Pi

)
)
)
V=[xt s = t, S, 52)At
)
)
)
)

g P P > i P
Ly Uy Uy Uy Uy Uy Uy




Derivation Of An SDE For A Two-State Problem Continues

We calculate the expected change and the covariance matrix
for the change AS = [AS;, AS;]!. Using the table,

~ 9 o (—dy + by — mag + Moy + Moy — my1) Ny |
E(AS) =) pASY) = At
=1

(—dy + by + myy — Moy + Mo — Mma1) Ao ]

and
9
B(ASAS)T) = 3 py(ASI) (A0 -
j=1

<d1 + by + ma))\% (—m12 — M91 + Moo + m11)>\1)\2 ]

(—m12 — M91 + Moo + m11>)\1)\2 (dz + by + ma))\%

where m, = mis + Moy + Moy + Mmq;.

Let [i(t,S1,5,) = BE(AS)/At and V (¢, 51, 5) = E(AS(AS)T)/At.
As At is small and E(AS)(E(AS))T = O((At)?), the covariance
matrix V is set equal to E(AS(AS))/At. Finally, define the
square root of the covariance matrix V' as B:

B<t7 Sla SQ) - <V<t7 Sla S2>>1/2 and thus, B2(ta Sla SQ) — V<t7 Sla SQ)



Derivation Of An SDE For A Two-State Problem Continues

Now, a forward Kolmogorov equation can be determined for
the probability distribution at time ¢t + At in terms of the dis-
tribution at time ¢. Letting p(¢,z;,72) be the probability that
S1 =x1; and Sy, = z9 at time ¢, then
10
(%) p(t + At, x1, x9) = p(t, x1,22) + At Z T;

1=1

Ty = p(t, w1, w2)(—di(t, 21, w2) — bi(t, 21, 22) — dolt, v1, T2) — ba(t, 71, 22))
Ty = p(t, x1, 22)(—mq(t, T1, 2))
T3 = p(t, x1 + A, x2)di(t, 1 + A\, T2)
(t, 21 — A\, 22)b1(t, 71 — )\1,:1:'2)
T5 = p(t, x1, 02 — A2)ba(t, 21, T2 — A2)
T = p(t, 1, T2 + Ao)do(t, 1, T2 + A2)
T7 = p(t, x1 + A1, 29 — Ao)mas(t, x1 + A1, 19 — Ao)
(t T — )\1, To + )\Q)mgl(t, r| — )\1, To + )\2>
(t T+ )\1, To + )\Q)mn(t, xr1 + )\1, To + )\2>
Tio = p(t,x1 — A1, T — Ao)mao(t, 1 — A1, T2 — No).



Expanding out the terms 73 through 77, in Taylor series about the point
(t,21,x2), it follows that

T3 ~ pd; + ag;dlﬁ)\ + ;828(;1[ )A%

S I T
2

T phy — 0((91;522)>\ N ;351052))\2

16 ~ pds + ag;d;))\ + ;aza(de))\Q

0 B, R o2
T~ iy + (Pmm))\l N (pm12))\2+_zz(_1)z+g (Pmlé))\i)\j

0xq 0x9 2 prie Ox;0x;
d(pm d(pm ] e 0% (pm
Lo m prmas = (axfl))\l ’ <8CL’221))\2 " 2 Z Z(_l) " 8;8;1~>)\i)\j
i=1 j=1 v
Olpmiy) . Opmu), | 1~ O (pmyy)
Ty ~ pmqy + A+ Ao+ — ——— A
! prin 8331 ! (91132 : 2221]21 (95152833] J

2
8(pm22))\ _ 0(pm22)>\ I 1 Z Z 0 (pm22)>\i)\j.

Tio =~ Doy —
10 =~ P22 o 1 05 2 5 2



Substituting these expressions into (x) and assuming that At¢, \;, and \; are
small, then p(t, z1,25) approximately solves the Fokker-Planck equation

2

op(t, z, o
p( 851;1 372) _ e [Mi<t,$1,x2)p(t,$17x2)]

1=1

[\

2

1 o
Ry Z@xiaxj [Zb%k(tﬁ 1, 2)bjk(t, w1, 22)p(t, 21, 22) |

1 j=1 k=1

1

where ; is the ith component of i and b;; = (B);; for 1 <1,5 <2.

However, the probability distribution p(¢,z1,x2) that exactly satisfies this
PDE is identical to the distribution of solutions to the SDE system

dS(t) = fi(t, Sy, Sy) dt + B(t, Sy, S) dW (t)
S(0) = S,

where W (t) = [Wi(t), Wa(t)]”.

Therefore, the discrete stochastic model is closely related to an SDE. In
particular, the drift and diffusion terms, ;i and B, of the SDE are equal to
the expected change divided by At and the square root of the covariance
matrix divided by At from the discrete stochastic model.



DERIVATION OF ACCURATE SDE MODELS

In summary, the derivation procedure in deriving an SDE requires three
steps:

First, a discrete stochastic model for the process is developed by carefully
listing the possible changes along with the corresponding probabilities for
a short time step At.

Second, the expected change and covariance matrix for the change is cal-
culated for the discrete stochastic process.

Third, the stochastic differential equation system is obtained by letting the
expected change divided by At be the drift coefficient and the square root
of the covariance matrix divided by At be the diffusion coefficient.

Note that the derivation procedure provides an Itd6 SDE rather than, for
example, a Stratonovich SDE.



AN ITO OR A STRATONOVICH SDE

There have been discussions regarding whether an Itéo or a Stratonovich
SDE is most appropriate for a given random dynamical system. Whether
the SDE is regarded as Itdo or Stratonovich is important. For example, if

dX(t) = \X () dt + X () dW (1)

is regarded as It6, then X (t) — X (0)exp((A—p?/2)t) w.p.1 as t — co and, thus,
X(t) — 0 with probability 1 if A < x?/2. On the other hand, if this SDE is
Stratonovich, then the equivalent Ito SDE is

dX(t) = (A4 p?/2) X (t) dt + pX (t) dW (t).

In this case, X(t) — X (0)exp(At) w.p.1 as t — oo and, thus, X(¢) — 0 with
probability 1 if A < 0. Thus, specification of the SDE model as It6 or
Stratonovich is important.

In the derivation procedure, a discrete stochastic model is first developed.
An Ité6 SDE is then inferred by the similarities between the forward Kol-
mogorov equations of the discrete-time and the continuous-time models.

However, if desired, the Ito SDE can be transformed into a Stratonovich
SDE.



CALCULATING SQUARE ROOTS OF MATRICES

The derivation procedure produces a term in the SDE system that involves
the square root of a symmetric positive definite matrix, that is, B = V/2,
Solution of the stochastic system involves computation of square roots of
matrices.

For a 2 x 2 matrix, the square root can be readily calculated. Indeed,
1
a b 2
ViZ — —

1 a+w b
b c d b c+w 7

where w = vac — 0? and d = va + ¢+ 2w. However, for a general n x n sym-
metric positive definite matrix V with n > 3, there is no formula for V1/?
and it must be calculated numerically.

If V is put in the canonical form V = P'DP, where P'P = ] and d; > 0
for i = 1,2,...,n, then VY2 = PTD/2P, However, for a large matrix, it is
computationally intensive to accurately compute all of the eigenvalues and
eigenvectors of VV which are needed to determine P and D. Fortunately,
there are available many numerical procedures for computing V'/? directly.



AN ALTERNATIVE TO SQUARE ROOTS OF MATRICES

Often, the square root of the covariance matrix B = V!/2 can be avoided by
including additional Wiener processes in the stochastic system.

Consider a stochastic problem that involves N states S5, 5,...,5y with a
total of M > N possible random changes to these states at each time step
At. Suppose that the probabilities of the changes are p;,At = pj(t,g)At for
j=1,2,...,M where the jth change alters the ith state by the amount )\
for :=1,2,..., N. The ith element of vector /i for this problem is then

M
,ui:zpj)‘ji for ¢ = 1,2,...,N.
j=1

The covariance matrix, V', can also be computed and the ¢,/ entry of VV has
the form
M
V;] = Zp])\ji)\jg for 1 < i,l < N.
j=1
However, it is generally difficult to compute the N x N matrix V!/2 in the

SDE system
dS = jidt + V2 dW(¢),

where W(t) is a vector consisting of N independent Wiener processes.



AN ALTERNATIVE TO SQUARE ROOTS OF MATRICES

However, an N x M matrix C can be found such that V = CC’ and the SDE
system can be modified to:

dS = [idt + C dW*(t),

where W*(t) is a vector consisting M independent Wiener processes.

Indeed, Itd’s formula and the forward Kolmogorov equation are identical
for both SDE systems. The entries of matrix C' have the form:

cij=Nip)* for 1<i< N,1<j<M.

To verify this formula, notice that

M
(C’CT)Z] — Z%Cu Z )\ﬂpj/z ﬂp;/z = for 1 <4¢,l<N.

J=1

For chemically reacting systems, the SDE system with C’dW*(t) replacing
v/ 2dW (t) is referred to as the chemical Langevin equation.

Alternate SDE models are studied more later.



REVIEW OF SDE MODEL OF TWO INTERACTING POPULATIONS

Consider two interacting populations.

The populations may be of the same species or they may be different
species.

Populations of the same species may differ, for example, by geographic
location or by status in an epidemic such as infective or susceptible. Pop-
ulations of the same species may interact, respectively, by migration or by
transmitting and recovering from a disease.

Let the sizes of the two populations be z(¢) and z3(¢). Important parame-
ters are b1, dy, by, dy, m1o, and mo;.

b; and d; are per capita birth and death rates for population :.
m;; is the rate population i is transformed to population j. (For geographi-
cally isolated populations, m;; may represent the migration rate of popula-

tion i to j.)

Each parameter may depend on population sizes r; and x5 and time %, i.e.,
bi — bl(t7 L1, ZC2)7 dl - dl(t7 L1, :UQ)) and my; = mlj(ta L1, CUQ).
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Figure 4: A diagram of two interacting populations
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REVIEW OF SDE MODEL OF TWO INTERACTING POPULATIONS

The dynamics of two interacting populations is illustrated in the figure.
In a small time interval At, there are seven possibilities for a population

change AZ.



REVIEW OF SDE MODEL OF TWO INTERACTING POPULATIONS

For small At, there are seven possibilities for a population change AZr. These
possibilities are listed the table along with their corresponding probabilities.

For example, A7, = [—1,1]! represents the movement of one individual from
population z; to population x, during time interval At and the probability
of this event is proportional to the size of population r; and the time in-
terval At, that is, po = mparAt.

As a second example, A7, = [0,1]' represents a birth in population z, with
probability p, = byxoAt.

Notice that 3.7 p; = 1.

Change Probability

AT = [-1,018 p; = dyx At
ATy = [—1, 1] py = mppx At
= [O, —1]T P3 = dgl’gAt
[O, 1]T P4 = bQ.fUQAt
AZs = [1,—1T  p5 = mo iz At
[
[

Afﬁ = 1, O}T Pe = blxlAt
AT =00 pr=1-30p




REVIEW OF SDE MODEL OF TWO INTERACTING POPULATIONS

The mean change E(AZ) and the covariance matrix E(AZ(AZ)T) are deter-
mined as:

7 bizy — dix1 — max1 + Mo Ty
E(AZ) =) pAT; = At
=1

boxy — doxo — Mo To + Moy

and

7
E(AZ(AZ)") =) piAT(AT)T
j=1

bixy + dix1 + Moy + Moy —M1oT] — M1 T2
_ At.
—M12T1 — M91T9 boxs + doxy + Miox1 + Moo

The vector ;i and the matrix V' are defined as

biz1 — diz1 — migxy + Moo
i = FE(AZ)/At =

boxry — doTo — Moo + Mioxy
and

bixr1 + dyx| + miox| + Moo —M12T1 — M1 X9
V =
—M12T1 — To1T9 boxs + doxy + Mo + Moo



REVIEW OF SDE MODEL OF TWO INTERACTING POPULATIONS

Matrix V is positive definite and hence has a positive definite square root
B = V2, For this two-dimensional system, B = V'/? is given by
1 a + w b
B=VY* = = ,
d b c+w

where w = Vac — b2 and d = Va + ¢ + 2w with
= dix1 + miary + mor1rs + biay,
b = —mipx1 — mox,
c = myaxy + doxo + boxo + Moy xs.
Therefore, the SDE for the dynamics of two interacting populations is:
AT = [(t, x1, x0) dt + B(t, xy, 22) AW (1)
where W (t) is the two-dimensional Wiener process, i.e. W(t) = [Wi(t), Wa(t)]”.

This is an SDE system that describes the population dynamics. Notice
that if matrix B is set equal to zero, then this system reduces to a standard
deterministic model for the population dynamics. Of course, [ = ji(x1, x2,1)
and B = B(x1, zy,t) as the parameters b;, d;, m;; may all depend on z;, x5, and t.

For a single population, this system reduces to
dr| = (b1$1 — dlﬂfl) dt + \/blxl + dyxq dWl(t)

which is commonly seen in population dynamics.




SPECIAL CASE: EPIDEMIC MODEL

Consider an epidemic consisting of susceptible and infected sub-populations.
Consider an SIS epidemic model for a single species. In this model, suscep-
tible individuals become infected, recover, and become susceptible again.
There is no immunity to the disease.

A deterministic form of the SIS model is:

dS

— =~ —alS/N
o~ ioadst
dl

— = —~] IS/N

where S(0) + I(0) = N and therefore S(t)+ I(t) = N for ¢t > 0.

In this model, S(¢) is the susceptible population size, /() is the infected
population size, o is the contact rate, and ~ is the removal rate.



SPECIAL CASE: EPIDEMIC MODEL

In terms of previous parameters,

ZEl(t) = S(t), l’g(t) = ](t), dl = dg = b1 = bg = O,

mio = CVI/(I + S) = O{l’g/(ﬁl?l + 332), and mo1 = 7.
Therefore, the stochastic SIS model has the form

Mo + M1
2

dr, = ( M9 + mgll’g dt + (dW1 — dWQ)

dry = (M1aT1 — Morxo)dt + \/m12x1 —; lexQ( —dW; + sz)

and thus, for this problem,

M2 + M21T2 —M12T1 — o1 T9
B = /\/2(mioxy + mojas).
—M12T1 — To1T9 M2 + M21T2

Note that the sum z;(t) + x2(t) is constant for ¢ > 0 in the stochastic model
as well as in the deterministic model.



SPECIAL CASE: EPIDEMIC MODEL

For a computational example, let a = 0.04, v = 0.01, with S(0) = 950, and
I1(0) = 50. Let the final time be ¢ = 100.

In the table, some calculational results are given in solving the SDE system
using 10,000 sample paths.

Also listed in the table are values calculated using a Monte Carlo approach.
In the Monte Carlo procedure, each individual in the population is checked
after each time step of At = 1/5 to determine whether a susceptible indi-
vidual contracts the disease or if an infected individual recovers. These
calculations continue until time ¢ = 100 for 10,000 sample paths.

As can be seen in the table, close agreement is obtained between the SDE
and Monte Carlo.

Estimate SDE Model Results Monte Carlo Results

E(5(100)) 561.7 562.2
E(1(100)) 438.7 437.8
o((S(100)))  41.5 41.0

(
o ((1(100))) 41.5 41.0
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Figure 5: Expected population sizes (dashed lines) and one sample path for susceptible and infected

For this example, one sample path and the average of 100 sample paths for
the SIS stochastic differential equation model are displayed.



SPECIAL CASE: PREDATOR-PREY MODEL

As a second example of two interacting populations, consider the two
species predator-prey system. A deterministic model for the predator and
prey populations takes the form:

dﬂ?l(t> = (bl(.fl?l,[l?g)il]l(t) —d1<$1,$2>$1(t))dt

dxg(t) = (bg(.’lﬁ'l, l‘g)xg(t) — dg(xl, Ig)l‘g(t))dt,

where 71(t) is the population size of the prey and z,(t) is the population size
of the predator.

For example, in the standard Lotka-Volterra model:

bi(z1,x9) = by, di(x1,22) = 129,

bg(xl,xg) = C1, and d2($1,CE2) = dg.

In this case, the predator-prey equations have the equilibrium solution
r1(t) = dy/co and x9(t) = by/c;. The solutions form closed curves in the z;1-
plane about the equilibrium point (dy/co, bi/c1).



SPECIAL CASE: PREDATOR-PREY MODEL

Now, consider the SDE model of the predator-prey system. For this prob-
lem, as m;s = 0 = my;, the covariance matrix V' is diagonal and the square
root matrix B is then also diagonal. Therefore, the stochastic predator-
prey equations have the form:

d:l?l = (bl(SIZl, xg) — dl(CL’l, xz))xldt + \/(bl(fﬁl, SUQ) + dl(l’l, xQ))xldI/Vl

dﬂi’g = (62(331, 513'2) — dg(ﬂ?l, l‘g))ﬂ?gdt + \/(52(331, 5(32) + dg(l’l, QZQ))CL’QdWQ

for either the Lotka-Volterra model or a Lotka-Volterra model with logistic
growth.



A Few Comments On The SDE Project:
Persistence Time Calculations For Biological Systems

Persistence times for several biological problems are studied computation-
ally.

A computer code is given that performs exit time calculations for two-
species biological systems such as predator-prey and competition systems.

In the program, Euler’s method is used to solve the SDE system for many
sample paths.

For each sample path, the populations start at specified initial sizes. The
calculations continue until either population size is less than unity or a
specified maximum time is reached.



Competition Between Two Species Is Studied First

Consider the competition model with per capita birth and death rates:

bl = 84, d1 = 40+ Olyl(t) + .022y2(t), bg = 90, dg =.75+ 00673/2(?5) + 005y1(t)

The resulting deterministic model is:

dyi(t) _ (b1(t) — dy(t))y1(t) = Ady(t) — 0195 (2) — 022y (t)ya(t)

dt
ddet(t) = (ba(t) — da(t))ya(t) = 1595(t) — .0067y3(t) — 005y (t)ya(t).
The corresponding SDE model is:
dyl(t) o dWl(t)
i (b1(t) — ) + /(b1 (t) + di(t))ya (2) 7
dyg(t> B dWQ(t)
PP (bg(t) —|— \/ bQ —|— dg (t) P

where Wi(t) and Ws(t) are two 1ndependent Wiener processes.

The SDE model is solved numerically using Euler’s method:

Y11 = (b1 — dig)yreh + \/(bl,k + di k) vy kb ik

Yo itr1 = (ba g — dog)yorh + \/(bQ,k + do i) y2.1h Mok
for £ =0,1,2,... until either y; ;1 or ¥, is less than unity or a maximum
time is exceeded. This is performed for many sample paths.



Calculational Results Illustrate A Difference Between Deterministic And
Stochastic Models

For the deterministic model, the first species always out-competes the sec-
ond species.

For the stochastic model, the second species out-competes the first species
about 44% of the time.
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Figure 6: Calculational Results For The Deterministic And Stochastic Models For A Competition System



In The Project, Five Systems Are Studied

Two Competition Systems
A Predator-Prey System
An Epidemic System (SIS)

A System of Your Choice



