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This Lecture Is Divided Into Several Parts

(1) A procedure is reviewed for deriving a stochastic ordi-
nary differential equation from an associated discrete stochas-
tic model.

(2) Stochastic ordinary differential equation systems are de-
rived for several population problems. Equivalence of SDE

systems is explained.

(3) It is shown how stochastic partial differential equation mod-
els can be derived. Several examples are presented.



A Procedure Is Reviewed For Deriving SDEs

(1) A discrete stochastic model is developed for the random
dynamical system. Specifically, for a small time interval, the
possible changes with their corresponding transition probabil-
ities are determined.

(2) The expected changes and the covariance matrix for the
changes are determined for the discrete stochastic process.

(3) A stochastic differential equation model is inferred by sim-
ilarities in the forward Kolmogorov equations between the dis-
crete and continuous stochastic processes. (Solutions of the
discrete model and the SDE approximately satisfy the same
probability distribution.)



The Procedure Is Illustrated For The Birth-Death Process

A simple deterministic model for population growth is:

dz(?) = bxr — dx
< dt
L 2(0) = g

where x(t) is population at time ¢t and b and d are birth and
death rates. The solution is:

x(t) = xg exp((b— d)t).
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Figure 1: Exponential growth with (=18 and b — d = .0344



But Actual Populations Do Not Grow Smoothly
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Figure 2: Whooping Crane Population 1939-1985

The population varies in an non-smooth manner due to random
births and deaths.



Considering Random Births And Deaths, A Discrete
Stochastic Model Is First Constructed

The random changes in births and deaths are considered for a
small time interval At.

For interval At, three possible changes are a birth, a death, or
no change: (=1, (Gy=-1, or [(3=0.

The probabilities of these changes are:
P =bxAt, Py=dzAt, Py;=1—(b+d)zAt.

Let pi(t) = P(X(t) = x;) be the probability of having z; individ-
uals at time t. Then,

pk(t + At) = pk<t)[1 — bx At — da:kAt] + p/{;_l(t)[bilj/{_lﬁt] + pk+1(t>[dﬂik+1ﬁt]



Solutions To A Certain SDE Approximately Satisfy The Same
Probability Distribution As The Discrete Stochastic Process

For small At, the probability distribution approximately satis-

fies
Op(z,t) _ _Op(z,0)(b —d)x) 0 (p(x,t)(b+d)z)
ot Ox 2 Ox? '

But p(z,t) is the distribution satisfied by solutions of the SDE:

dz(t) = (b — d)x dt + /(b + d)z) dW (t)

where W (t) is a Wiener process.

So, solutions of the discrete stochastic process and the SDE
approximately satisfy the same probability distribution.



An SDE Models The Random Population Growth

The stochastic population model
dx(t) = (b — d)z(t)dt + /(b + d)x(t) dW(t)

can be solved computationally using:

Tiv1 = x; + (b— d)x; At + m\/(b + d)x;At where n; ~ N(0,1).
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Figure 3: Simulated Whooping Crane Populations 1939-1985



An SDE Extends An ODE To Include Randomness

The stochastic population model

dx(t) = (b — d)z(t)dt + /(b + d)x(t) dW(t)

is an SDE model for the birth-death process that can be studied
theoretically or computationally.

For example, it immediately yields the standard deterministic

ODE model: dz—it) = (b — d)y(t) where y(t) = E(x(t)).

The SDE retains the random nature of the actual birth-death
process and there are an infinite number of sample path solu-
tions to the SDE. For this problem, the sample paths of the
SDE give exact first and second moments to the actual birth-
death process. That is,

E(x(t)) =aexp (b—d)t
Var(z(t)) = a(b+ d)(exp (2(b — d)t) — exp ((b — d)t)) /(b — d).



Multidimensional SDEs For Complicated Problems Can Be
Derived By Construction Of A Discrete Stochastic Model

Suppose for small At that the discrete stochastic model has
mean and covariance matrix for a change Axz:

E(AT) = ji(Z(t),t)At
E(AZATT) = V(Z(t), t)At.

Then, the corresponding SDE system is:
dz(t) = (), )dt + (V(T(2), 1) dW (1)

where
Z(t) = [x1(t), 22(t), ..., 2, (D)L,

—

W(t) = [Wi(t),...,W,(t)]" is an n-dimensional Wiener process,

i1 is a vector of length n, and V' is an n X n covariance matrix.



Briefly Summarizing, Discrete Stochastic Processes And
Stochastic Differential Equations Are Closely Related

(1) Solutions of a discrete stochastic process and a stochastic
differential equation (SDE) may have approximately the same
probability distribution.

(2) This helps us in deriving a stochastic differential equation
by first constructing a discrete stochastic model.



Consider An SDE For Two Interacting Biological Populations

Transfers

Population 1 Population 2

Births and deaths Births and deaths

Figure 4: A Diagram Of Two Interacting Populations



A Discrete Stochastic Model Is First Constructed

Let z1(t) and z5(t) be the population sizes.
Let Az = (Azy, Azy)! be the change in the populations over At.
Seven possibilities for Ax in time At:
ﬁl — <_17 O>T7 ﬁQ — <_17 1>T7 ﬁ3 — <O7 _1)T7 ﬁ4 — <07 O>T7
s = (0,0, 7= (1,-1)", and ;= (1,0)".
The probabilities for these changes are, respectively:
P1 = d1$1At, PQ = mlgxlﬁt, Pg = dg.ngt,
P4 = <1 — b1$1At — mlgxlﬁt — dlxlAt — dQZIZQAt — mgleAt — pgAt),
P5 = beQAt, P6 = mglangt, P7 = blxlAt.

where by, d;, by, dy, m12, and moy; are population parameters.

Therefore,

~ 7 |y — mypxy + mors + by
E(Az) =) Pjij; = At = [IAt
=1

—doxy — Mo Ty + Miox1 + boXo

LT diz1 + miax1 + Mmoo + 0171 —1M12T1 — M1 T2
E(AzxAx ) = At.
—M12T1 — M21T2 doxo + mo1 T2 + m1aT1 + baxo




An SDE Model Of Two Interacting Populations Is Obtained

I —d1x1 — mox1 + mo1Te + b1y |
With = and
—doTo — Mo1To + M1ox1 + boxy

dix1 + mioxy + mo1xs + by —1MM12T1 — M91T9

V:

—1M12T1 — M91T9 doxo + Mao1To + Miox + b2$2

the SDE system obtained for the population dynamics is:
dE(t) = (@, )dt + (V(Z,1))"* dW (1)

where W (t) is the two-dimensional Wiener process.

Note: If V = 0, then the system reduces to a standard deter-
ministic model for the population dynamics.

Note: For a single population, the system reduces to

dl’l — (bl — dl)fldt + \/(bl + dl)l'l dW1<t)




DERIVATION OF ACCURATE SDE MODELS

In summary, the derivation procedure in deriving an SDE re-
quires three steps:

First, a discrete stochastic model for the process is developed
by carefully listing the possible changes along with the corre-
sponding probabilities for a short time step At.

Second, the expected change and covariance matrix for the
change is calculated for the discrete stochastic process.

Third, the stochastic differential equation system is obtained
by letting the expected change divided by At be the drift co-
efficient and the square root of the covariance matrix divided
by At be the diffusion coefficient.

Note that the derivation procedure provides an Ito SDE rather
than, for example, a Stratonovich SDE.



CALCULATING SQUARE ROOTS OF MATRICES

The derivation procedure produces a term in the SDE system
that involves the square root of a symmetric positive definite
matrix, that is, B = V2. Solution of the stochastic system
involves computation of square roots of matrices.

For a 2 x 2 matrix, the square root can be readily calculated.

Indeed,

— — 1/2 — —

1/2 a b 1 a -+ w b

V ) ) — ,
b ¢ d| p cqw

where w = Vac — b? and d = v/a + ¢ + 2w. However, for a general
n X n symmetric positive definite matrix VV with n > 3, there is
no formula for V'/? and it must be calculated numerically.

If V is put in the canonical form V = P'DP, where P'P =]
and d;; >0 for i =1,2,...,n, then V2 = PTDI/2P, However, for
a large matrix, it is computationally intensive to accurately
compute all of the eigenvalues and eigenvectors of V which are
needed to determine P and D. Fortunately, there are available
many numerical procedures for computing V2 directly.



CONSTRUCTION OF EQUIVALENT SDE MODELS IS USEFUL

Often, the square root of the covariance matrix B = V2 can
be avoided by using an equivalent stochastic system.

Two SDE systems are now studied which are structurally dif-
ferent yet have identical probability distributions. In addition,
it can be shown that a sample path solution of one system is
also a sample path solution of the other system.

As the SDE models can be interchanged, conceptual or compu-
tational advantages possessed by either SDE can be employed
in any particular problem.



EQUIVALENT SDE SYSTEMS

Consider the two It6 SDE systems:
dX(t) = f(t, X(1)) dt + G(t, X(t)) dW (1),

and . L B .
X*(t) = f(t, X"(t))dt + B(t, X*(t)) dW*(t).
where
G :[0,T] x R* — R™™,
and

B:[0,T] x R" — R™
Let X(t) = [X,(1), X(t), .., Xa(t)]7, (1) = [X5(8), X3(0),..., X5(0)",
W (t) = [Wi(t), Wa(t), ..., Wa(t)]", and W(t) = [ L), W3 (t), ..., Wi,
where Wi(t), i =1,...,m and W}(t), j = 1,. d are 1ndependent
Wiener processes and m > d.

Matrices G and B are related through the d xd matrix V', where
V(t,Z)=G(t, )G (t,Z) and B(t,7) = VY2(t, 7) for 7 € R

It is shown that solutions to these SDEs have the same prob-
ability distribution.



EQUIVALENT SDE SYSTEMS

Notice that the d X d symmetric positive semidefinite matrix V
has entries

m
vig (6, X) =Y gult, X)gu(t, X)
=1
and d X d symmetric positive semidefinite matrix B has entries
that satisfy

d
vi(t, X) =Y bu(t, X)bj(t, X)
=1
for 7,7 = 1,...,d. In component form, these systems can be
expressed as

Xi(t) = X;(0) + /0 fils, X (s)) ds + /O Z gii(s, X (s)) dW,(s)

for 1 =1,2,...,d, where f; is the ith entry of fand gij is the 7,
entry of the d x m matrix G and

X (t) = X (0) + /O fils, X*(s))ds+ | ) bij(s, X*(s)) dW;(s)

forv=1,...,d and b;; is the 7, j entry of the d x d matrix B.



EQUIVALENT SDE SYSTEMS

The solutions to these SDEs possess the same probability dis-
tributions; they are equivalent in distribution.

Consider the forward Kolmogorov equation for the probability
density function p(t 7') associated with the SDE

apgg f) ) Z Z axzax [p(t, f) lz:; g@-,z(t, :l_f)gj,l(t, f)]

le—

txfztx
_Z )]

In particular, if 7,2 € R? and z; < 7, then

. 24 [72.d-1 291
P(z1 < X(t) < %) = / / . / p(t, T)dxydzs, . .. dxy
21d Y A,d-1 211

As the elements of V' satisfy

Uzytaj Zgzltxgjl szl >

the two systems have the same forward Kolmogorov equation.




EQUIVALENT SDE SYSTEMS

In summary, the following result can be proved.

THEOREM: Solutions to the two SDE systems possess the
same probability distribution. In addition, a sample path so-
lution of one equation is a sample path solution of the second
equation.

Equivalent SDE systems:
dX(t) = f(t, X (1)) dt + G(t, X (1)) dW (t),

and

—

AX*(t) = f(t, X*(t)) dt + B(t, X*(t)) dW*(¢).

where G is d X m and B is d X d,

— —

X(t) = [X1(8), Xa(t), ..., Xa(O)]", X*(t) = [X{(8), X5(0), ..., X5()]",

W (t) = [Wi(t), Wa(t), ..., Win()]7, and W*(t) = [W; (L), Wi(t), ..., W(t)"

and where V = GGT and B = VY2,



EQUIVALENT SDE SYSTEMS

Consider formulating an SDE model from a random dynami-
cal system consisting of d components, where m > d distinct
independent random changes may occur to the components of
the system during a small interval of time.

Two modeling procedures are described for formulating an
SDE model.

In the first procedure, the m changes are collectively consid-
ered and means and covariances are determined.

In the second procedure, each change is considered separately.

In both procedures, the number of equations in the SDE model
equals the number of components, d. In addition, the two SDE
models are equivalent in that they possess the same probability
distribution and a sample path solution of one SDE is also a
sample path solution of the other SDE.



EQUIVALENT SDE SYSTEMS

Consider a stochastic modeling problem that involves d com-
ponent processes 51,59, ...,54, S = [S1, 5, ...,5:", where there
are a total of m > d possible changes that can occur to at least
one of the variables S; in a small time interval At.

Suppose that the probabilities of these changes can be defined
as p;At = p,(t,S)At for j = 1,2,...,m, where the jth change al-
ters the ith component by the amount )\;; for : =1,2,... d.

Let 7; represent a random change of the jth kind:
7 =[Nj1, N\ja, ..., N4l with probability p;At.
For At small, (7;); has approximate mean \;;p;At and variance

An accurate yet simple stochastic model for §n+1, given the
vector 5, is

m
=1

for n=0,1,....



EQUIVALENT SDE SYSTEMS

In the first modeling procedure, the probability distribution
associated with the discrete-time stochastic system is approx-
imately the same as that associated with the SDE system

dS(t) = f(t, S(t))dt + B(t, S(t))dW*(t)

S(0) = S,

\

where the d x d matrix B = VY2 and W*(t) is a vector of d inde-
pendent Wiener processes.

The vector f and the matrix B are defined by:

Zp])\ At = fAt and E(AS(AS)T Z pidi(N)TAL = VAL

7=1

where B = V1/2,



EQUIVALENT SDE SYSTEMS

In the second modeling procedure, the m random changes are
approximated using independent normal variables, n; ~ N(0,1),
7 =1,2,...,m. For small At, the discrete stochastic model is
approximated by

St = &”+Mmﬁzm+§:%dﬂAWﬁ

j=1

for n = 0,1,.... This discrete stochastic model is an Euler-
Maruyama approximation and converges strongly to the SDE
system

dS(t) = f(t,S(t)) dt + G(t, S(t)) dW (¢),
1/2

where the 7, j entry in the matrix G 1s g, ; = Ajip;

This SDE system has m Wiener processes and the d x d matrix
V = GG' has entries

M M
(V)ia = (GG )it =Y gii915 = D piXjidji = vi
j=1 j=1
Thus, the d x m matrix G satisfies V = GG’ and the two SDE
systems are equivalent.



EXAMPLE OF EQUIVALENT SDE MODELS

Suppose that there are three chemical species 5, 55, and S5 in-
teracting through molecular collisions or spontaneously in the
four ways described in the table. In the table, uq, 1o, 13, and gy
are reaction rate constants and X, Xy, and X3 are the number
of molecules of species 5,59, and S3, respectively.

Reaction Probability
S1+ 5 — 53 | p1 = X1 XoAt
S3 — ST+ Sy | pr = e X3At

QSQ + Sg — 231 P3 = /L3X22X3At/2
251 — 259 + S5 p4:,LL4X12At/2

Possible Change Probability
(AX); = [-1, =1, +1]7 | p1 = i X1 XoAt
(AX)g = [+1,+1, =1)7 | py = o XAt

()3 = [+2, =2, —1)7 ps = s X3X3A8/2
)i = [2,42, +1]" | py = muXFAL/2




EXAMPLE OF EQUIVALENT SDE MODELS

To form the SDE model using the first procedure, E(AX) and
E((AX)(AX)!) are computed. Using the tables,

— —

4
fX1, X0, X5)At = B(AX) = ) pi(AX);
1=1

— i X1 Xo + poXs + s X5 X5 — pa X3
= — 1 X1 X0 + e Xs — us X9 Xs + X7
|11 X0 X — 19X — s X5 X3/2 + puX7/2

and

—

4
V(X1 X, Xg)At = B(AX)AX)T) = 3 p(aX)(ax)!

i=1
 a+4b a—4b —a —2b |

— a—4b a+4b —a+2b | At

—a—2b —a+2b a-+b

where a = MleXQ + ,uQXg and b = ,ngQZXg/Q + /L4X12/2 It follows
that the SDE model for this example problem has the form

dX (1) = (X1, X, Xg) dt + (V (X1, Xa, X5))"/* dW*(2)
where W*(t) = [Wi(t), Wi (t), W(t)]T.

At



EXAMPLE OF EQUIVALENT SDE MODELS

Using the second modeling procedure for this example gives
the SDE model:

[ AX (1) = F(X1, Xo, Xa) dt + G(X1, X, X3) dW (1)

| X(0) = [X1(0), X5(0), X3(0)]",

where W (t) = [Wi(t), Wa(t), Ws(t), Wa(t)]” is a vector of four in-
dependent Wiener processes and the 3 x 4 matrix G has the
form

(X1 X0)' P (e Xa)'? 2 X5 X3/2)1 7 =20 X7 /2)12
G=| (X1 X0)'? (1aX3)'? =23 X53X3/2) % 2 X7/2)'2 |
(X X)) P (e X)) (s X3X5/2)M (X7 /2)M?




EXAMPLE OF EQUIVALENT SDE MODELS

To illustrate the agreement between the two SDE models, cal-
culational results using the models were compared with those
obtained using a Monte Carlo procedure.

In the Monte Carlo procedure, the molecular process was checked
at each small interval of time to see if any reaction occurred.
The calculational results for the Monte Carlo procedure are
summarized in the table for 5000 sample paths.

The SDE models were numerically solved using the Euler-
Maruyama method with 5000 sample paths with the results
given in in the table. Also, sample paths calculated using the
two SDE models are shown in the figures.

Notice the good agreement between the two SDE models as
well as between the SDE models and the Monte Carlo ap-
proach.



EXAMPLE OF EQUIVALENT SDE MODELS

Using Monte Carlo, the following results were obtained at time

t =1.0.

Chemical Species| E(X;) |o(X;)
S1 79.21 | 7.28
S 37.61  5.84
Ss 131.19| 5.54
Using the SDE models, the following results were obtained at
time ¢t = 1.0.
Model Chemical Species| F(X;) o(X;)
S1 79.31 | 7.62
First SDE S9 37.44 | 6.14
Ss 131.17 | 6.43
S1 79.39 | 7.69
Second SDE So 37.47 | 6.13
S 131.09| 5.85

In the calculations, p; = 0.02, 4y = 0.4, 43 = 0.001, and py = 0.03.
The initial numbers of molecules were X;(0) = X5(0) = X3(0)

100 and the final time was ¢t = 1.0.
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Figure 5: Molecular population levels for one sample path of the first SDE
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Figure 6: Molecular population levels for one sample path of the second SDE



PERSISTENCE TIME AND ENVIRONMENTAL VARIABILITY

We briefly consider environmental variability and persistence
time for SDE models.

Recall for two interacting populations that
AT = [i(t, 1, z5) dt + (V (L, 21, 29))Y2 dW (1)
where W (t) = [Wi(t), Wa(t)]” i and V are

bix1 — dixy — miax + Moo

ii = B(AZ) /AL =

boxy — doxo — Mo1Ty + M1oTq

and

bix1 + dixy + misx1 + Mmoo —M 2T — ML

—M12T1 — M21T2 boxo + doxs + Mo + Mo T

For a single population, this system reduces to

dry = (blflfl — CZ1£C1> dt + \/blﬂfl + dixq dW1<t)




EXAMPLE: PERSISTENCE-TIME ESTIMATION

For two interacting populations, the mean persistence time can
be defined to be the expected time it takes for the size of either
population to reach zero. The mean persistence time can be
estimated through numerical solution of the SDE or by solv-
ing the backward Kolmogorov differential equation to find the
mean persistence time directly.

(1) Individual populations can be simulated by solving the
SDE using until one population fails to persist. Averaging
many such calculated persistence times yields an estimate for
the mean persistence time.

(2) The mean persistence time can also be obtained by solv-
ing the backward Kolmogorov equation. Suppose that the size
of population 1 cannot exceed K; and the size of population
2 cannot exceed K,. The reliability function R(t,y;,19) is the
probability that the persistence time is greater than ¢ with
initial populations z1(0) = y; and x5(0) = ys.



EXAMPLE: PERSISTENCE-TIME ESTIMATION

The reliability function R(t,y;,y.) satisfies the backward Kol-
mogorov equation°

2 2
Zﬂk ) Y1 y2 ;szkmtyl y2) R with

—1 m=1 aykaym

R(0,y1,y2) =1 for (y1,42) € (0, K1) X (0, K3)
R<taoay2> =0 for Y2 € <07 K2>

R(t,y1,0) =0 for y € (0, K3)

OR(t, K
K, 4) =0 for y, € (0, K»)
oY1
OR(t,y;, K
1, Ko) 0 for y; € (0, Ky).
OyYa
OR(t
The probability density of persistence times is — ( éil’ 2 and

© 9]
T(y1,y2) = / R(t,y1,y2) dt is the mean persistence time with

0
initial population sizes y; and y».



EXAMPLE: PERSISTENCE-TIME ESTIMATION

As a simple example, consider a single population with birth
and death rates b(y) and d(y), respectively, for 0 < y < K. The
corresponding backward Kolmogorov equation is

S = ) — vd(9) 5]+ 5(bl0) + o) 5
OR(t, K)
dy

Integrating this equation over time ¢ from 0 to oo yields

dT'(y) 1 d°T(y)

—1 = (yb(y) — yd(y))d—y + §<yb<y> T yd(y)) dy2

with 7'(0) = 0 and T"(K) = 0, where T'(y) is the mean persistence
time for a population of initial size y.

with R(0,y) =1 for y € (0, K), R(¢t,0) =0, and = 0.




EXAMPLE: PERSISTENCE-TIME ESTIMATION

For a computational comparison, assume that K = 20 and the
birth and death rates satisfy

0 for 0 <y <10
yb(y)—yd(y) = and yb(y)+yd(y) =1 for 0 <y <20
—1 for 10 <y <20

The backward equation can be solved exactly to obtain that

—y?+ (21 —e M)y for 0 <y <10
I'(y) =
y + 100 — (192 + e1e2) /2 for 10 < y < 20.

In particular, 7(5) = 80.0, 7'(10) = 110.0, and T'(15) = 115.0. For
comparison purposes, the SDE

dr = (b(x)x — d(x)z) dt + \/(b(z)z + d(z)x) AW (¢)

z(0) =y

was computationally solved using 10,000 sample paths. The
estimates obtained were T'(5) ~ 80.07, T'(10) ~ 111.05, and T(15) ~
114.01 indicating good agreement between the SDE calculations
and the backward Kolmogorov equation.




CONSIDER INCLUDING ENVIRONMENTAL VARIABILITY

In the previous SDE models, randomness was caused by ran-
domly varying births, deaths, and interactions. However, the
environment also randomly varies affecting the populations.

One way to model the environmental effects would be to in-
clude additional variables such as rainfall, predators, competi-
tors, and food supply. Consider the deterministic model for a
population of size y(t):

Y~ bieyy — d(t)y

In a varying environment, the birth and death rates would be
functions of additional environmental variables and so, b(t) =
b(t,v1,vs,...,v,) and d(t) = d(t, v, ve,...,v,) where vy, vs,..., v, are
n additional variables. As vy, v, ...,v, vary, the birth and death
rates also vary. Hence, an approximate way to include environ-
mental variability, without modeling additional environmental
factors, would be to allow the birth and death rates to vary
randomly. So, the changes in the environment may produce
random changes in a population’s birth and death rates that
are independent from changes due to demographic variability.



EXAMPLE: INCLUDING ENVIRONMENTAL VARIABILITY

A discrete stochastic process is now described for the phe-
nomenon.

Let y(t),b(t), and d(t) be the population size, birth rate, and
death rate. The changes in these three variables in time At
are independent under our hypothesis. The possible changes

Ay, Ab and Ad are listed in the table.

Let ¢,At represent the probability associated with random dif-
fusion of the per capita birth rate. The term +3,(b. — b) rep-
resents the probability associated with drift toward the mean
value of b,. When b(t) # b., where b, is the average birth rate in
the environment, then the probability of moving closer to b, is
greater than the probability of moving further away from b..



Change Probability

Ay; = —1  p; = dyAt

Ays=0  p3=1—(by+dy)At
Aby = —ap ps = (qp — By(be — b)) Al
Aby =0  ps = (q + By(be — b)) At
Abg =0 Pe = 1 — quAt

Ady = —ag pr = (qa — Balde — d))At
Ady =g  ps = (qq+ Balde — d))At
Adz =0 Py =1 — 2q4AtL




EXAMPLE: INCLUDING ENVIRONMENTAL VARIABILITY

The expected change and the covariance matrix for the change
are found as:

(Ay) = (b(t) — d(t))y(t) At
((Ay)*) = (b(t) + d(t))y ()
(Ab) = 2048y(be — b(t))A

(
(

For convenience, define 3, 5, a1, and a5y as

B = 2B, Bo=204Bs af=2a;q, and a; = 2a;q.

As the covariance matrix is diagonal for this model, the follow-
ing stochastic differential equation system is obtained:

[ dy(t) = (bt () — d(ty(t)) dt + ] (b(t) ty(t)) dWi(h

db(t) = B1(b, — b(t)) dt + oy AW (t)

2/

| dd(t) = Ba(de — d(t)) dt + g AW(2).



EXAMPLE: INCLUDING ENVIRONMENTAL VARIABILITY

The SDE for b(t) (or d(t)) is an Ornstein-Uhlenbeck process and
can be solved exactly to yield

b0) = b+ expl=0) (b 0000+ arexp(Bhs) das)).

This equation implies that, for large time ¢, the birth rate b(t) is
approximately normally distributed with mean 6, and variance
a?/(263;). Thus, in this stochastic model, random variations in
the environment cause the birth rate (or the death rate) to
vary normally about a mean value b..



(b)

Probability
Probability

(@) 20 40 60 (@) 20 40 60
Population Size Population Size

Figure 7: Population distribution at ¢ = 1 for an initial population of size 30 obtained through numerical
solution of the SDE system with no environmental variability (a) and with environmental variability (b)

EXAMPLE: INCLUDING ENVIRONMENTAL VARIABILITY

As a computational example, assume 31 =1 = (35, a; = 0.5
be =1, d. = 1.4. Suppose that y(0) = 30, b(0) = b., and d(0)

a2,

de.

In the figure, the probability distribution of the population size
y(t) is plotted at time t = 1.0. Two different cases are consid-
ered: when there is environmental variability and when there
is no environmental variability. It is clear for this example that
the variability in the environment spreads out the population
size distribution.



It Is Interesting That Results Of Stochastic Models Can Differ From
Deterministic Models

Consider two competing species with populations z:(¢) and xy(t), x1(0) =
x9(0) = 15, and with birth rates and death rates satisfying:

5 2 1 1
Bl(ﬂfl, ZL’Q) = gﬂfl(t), D1($1, ZL’Q) = g[lfl(t) + mﬂ?%(t) + 4—5$1(t)$2(t)
9 3 1 1
BQ(SUl, 562) = EZCQ(IS), DQ([El, 1’2) = ZZL’Q(t) + EOZEQ(LL) + T‘Oxl(t)xQ(t)
The deterministic model for this competition problem is
dx dx
d—tl = Bi(x1,72) — Di(21, 22), d—tz = Bo(x1, 29) — Da(x1, 29)

and the SDE model is
d:El = (Bl(:r:l, xg) — Dl(:cl, CUQ)) dt + \/B1<£Ul, .CL'Q) + D1($1, {EQ) dWl(t)
d$2 = (BQ(ZCl, ZEQ) — DQ(SIZl, ZCQ)) dt + \/BQ(SUl, xz) + D2($1, ZCQ) dWQ(t)

For the deterministic model, population x; always out-competes x,.

However, for the stochastic model, population z; out-competes =5 only 55%
of the time.



Summarizing The First Part, SDE Models Can Be Derived For Many
Biological Problems

(1) The dynamical system, with time discrete, is studied to determine the
different independent changes that occur for a small time interval.

(2) Appropriate terms are determined for these changes in constructing a
discrete-time stochastic model.

(3) As the time interval approaches zero, the discrete stochastic model
leads to a certain stochastic differential equation system. (Solutions of the
discrete model and the SDE approximately satisfy the same probability
distribution.)

Note that in the derivation procedure, the deterministic and stochastic
terms are simultaneously found.



A Straightforward Procedure Is Described For Deriving
SPDEs

It is assumed that the variable of interest randomly varies with
time and depends on other variables such as size, position,
energy, or age.

(A) A discrete stochastic model is first developed where the
problem is discretized in time and in the secondary variables.

(A-1) The dynamical system is studied to determine the
different independent random changes that occur.

(A-2) Probabilities are determined for these changes in
developing the discrete stochastic model.

(B) As the time interval decreases, the discrete stochastic model
leads to a certain SDE system.

(C) Brownian sheets are substituted into the SDE system for
the Wiener processes.

(D) The intervals in the secondary variables go to zero and an
SPDE model is found that approximates the SDE system.



To Derive SPDES, Brownian Sheets Are Often Useful

r+Ax t+At 82
/ / O 8 df’? dt = U\/m is normally distributed with
T

mean 0 and variance AxAt for any ¢ and x.
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Figure 8: A Brownian Sheet on [0, 1] x [0, 1]



Brownian Sheets Can Define Wiener Processes

If 2, =2+ (j—1)Ax for j =1,2,..., N, then the Brownian sheet
defines the standard Wiener processes:

L OPW (2 t)

\/ otox’

Notice that if ¢; = (2 — 1At for t =1,2,..., M, then

ti+1
/ dW]<t/> =V At 77@"]' ni,j ~ N(O, 1)
t

0

dW(t de'dt for j7=1,2,...,N.

Three-dimensional Brownian sheets can also define Wiener pro-
cesses such as:

dW () =

/ Az / VRO (2 )y ) dy'dx’dt
NG oL |



Wiener Processes Parameterized By x Are Also Useful

From a two-dimensional Brownian sheet, an independent one-
dimensional Wiener process in ¢t can be defined for each x by

/x—I—A:C E?W Qf t

W*(t;z) = lim d:C’

Az—0\/Ax

where if z; # 75, then the Wiener process W*(t; r1) is indepen-
dent of the Wiener process W*(¢; x,).

oW (t; z)
ot

In addition, the integral of the partial derivative of f(z,1)

1s defined as:

Y oW, W (t;z + A AW (t:
/:c oz [ﬂx’t) g? ZC)] do = f(z+Az,t) <t7§t+ x)—f(a:,t) a(;f, at)



Several Examples Of Deriving SPDEs Are Presented

(A) A stochastic one-dimensional wave equation
(B) A stochastic one-dimensional transport equation
(C) Age- and Size-structured stochastic population models

(D) A stochastic reaction-diffusion equation



THE CLASSIC PROBLEM OF A RANDOMLY
VIBRATING STRING IS CONSIDERED

(A) A string undergoing random impulses is modeled.

(B) One could consider the string being hit randomly by sand
particles in a dust storm.

(C) This problem was first considered by J. B. Walsh in 1986
who pointed out that the string displacement could be modeled

by an SPDE.



RANDOM IMPULSES IN A VIBRATING STRING ARE
MODELED

Impulses of magnitude +v randomly occur along a taut string.
The probability of an impulse in length Az in time At is AAzAt.

For length Ax the forces are given in the figure:

X X+ X

If u(x,t) is the string displacement, then
Tsin(th) =~ —Tu,(x,t) and Tsin(bs) ~ Tu,(x + Ax,t).



CONSIDERING THE CHANGES IN MOMENTUM OVER
A SMALL TIME INTERVAL LEADS TO AN SDE MODEL

Possible Momentum Change (AM) Probability
At(Tuz(x + Az, t) — Tuz(x, b)) + v AAtAx
At(Tu,(x + Ax,t) — Tuy(x,t)) — AAtAz
At(Tuy(x + Ax,t) — Tuy(z,t)) 1 — 2)\AtAx

Calculating

E(AM) = At(Tu,(x + Az, t) — Tu,(z,t))

and
E((AM)*) = 2¢9°AAtAx,

it follows that the discrete stochastic model satisfies:

M (2, t+At) =M (2, ) = (Tup(z4+Ax, t)=Tuy(2, 1)) At/ 22 AALAT 1,

where 7,; ~ N(0,1) and M(x,t) is momentum of length Az at ¢.



LETTING THE TIME AND THE SPATIAL INTERVALS
SHRINK, AN SPDE MODEL IS OBTAINED

As mass X velocity = momentum, then

M(x,t+ At) — M(x,t) = pAx(u(x,t + At) — u(x,1)).

Substituting in this expression, we obtain that

plug(x,t + At) —wy(x,t)  (Tu,(x + Az, t) — Tu,(x,1))) N 272\
Al - Au V Az

This leads directly to the SPDE

O°W (t,x)

t) = Tuy,(x,t 22\
pUtt(aj, ) u (CB >+ fy 3758:6

where the diffusion coefficient /272X has a physical meaning.



A STOCHASTIC ENERGY-DEPENDENT TRANSPORT
EQUATION IS DERIVED

The deterministic time-dependent transport equation has the
form:

on(E,t)
ot

Emax
— _vo(En(E, 1) + / Vo (B, En(Et) dE'
0

where

n(E,t) = number of particles at ¢t of energy F per unit energy
v = particle speed at energy E

o(F) = probability per unit distance of a particle interaction
os(F', F) = probability of a change from energy E’ to FE

Note: An infinite homogeneous medium is assumed.



TO DERIVE THE SDE MODEL, A DISCRETE ENERGY
TRANSPORT EQUATION IS USED

Assuming that

ZXQ )/(AE),

where (AE), = E, — E;1 and yy(E) = { 0, OtheI'WISe

Then, the discrete energy equations are obtained:

G G
dn,(t)
jt = ~UyTagy(t) - Z VgOs.9.9'Mg(t) + Z VyOs o Mg (1)
g"zl g’:l
for g=1,2,...,G, where, for example,

00y = [+ vou(E)dE/(AE),.

Egi1



AN SDE MODEL CAN NOW BE DERIVED FOR
DISCRETE ENERGY TRANSPORT

In deriving an SDE model, all changes in the system are deter-
mined for a small time step At. This results in a discrete-time
stochastic model. A particular SDE model is then inferred
from the discrete stochastic model through similarities in the
Kolmogorov equations.

For the discrete energy transport equations, there are G + G?
possible changes in each time interval At. Specifically, a par-
ticle may be absorbed in group g with probability o, ,v,At for
g=1,2,...G or a particle may scatter from group ¢’ to group g
with probability o, , ,v,/At for g, ¢' =1,2,...G.



A SYSTEM OF DISCRETE ENERGY STOCHASTIC
DIFFERENTIAL EQUATIONS IS OBTAINED

The stochastic discrete-energy equations have the form:
G

Ang(t) = ~v,@ugng(t) dt — /v, gny(t) AWy(t) — 3" 0,0, 4 gmy(t) dt

q"'=1

G
_ Z \/’UgO'S g, g”ng Wg,g”<t> + Z Ug/o-s,g’,gng’(t> dt
g'=1

//1

+ Z\/v/asg/ dW/ (t) for g=1,2,...,G.

Next, Brownian sheets are substituted for the Wiener pro-
cesses.



Brownian Sheets Are Substituted For The Wiener Processes

The stochastic discrete-energy equations have the form for g =

1,2,...,G:
dn,(t) =

Egt1 82
_Ugaa,gng(t> dt — \/’UgO'a,gng \/E/ 8E8t dE Z U /O'S q.q n /

— Z 'Ugo-s,g,g”ng(t> dt + Z v /O'S .q gng <t) dt

//1

Egv1 B PW E// ) ,
B Z \/”90399"% \/AE AL, / aE'aEa ABaE

g'=1 E//

Egr Byt OW (E', E, t)
§ : : dEdE'.
i \/ 759 \/AE AL, / / OE'OEOt

This equation is divided by AE, with n,(t) = n(E,,t)AE,. Letting
the energy intervals go to zero results in an SPDE model.



THE FINAL SPDE MODEL FOR PARTICLE TRANSPORT
HAS AN INTERESTING STRUCTURE

on(B,t) W (E, t)
5 — —UEOQ(E)n(E,t) — \/vaa(E)n(E,t)E B
+ / Vo (E', E)n(E' t) dE — / vos(E, E")n(E,t) dE"
0 0
Fina O*W (E', E, t)
/ / / ) ? /
- /0 Vo (E' EYn(E',t) ro OF
Pnas O*W (E, E" )
_ 1 ) ) /!
/O Vvol(E, E"n(E,t) STamia E

where W(E,T) and W (E', E,t) are independent Brownian sheets.



SPDEs For Structured Populations Are Derived From Basic
Assumptions

(A) The dynamical system, with time and size discrete, is stud-
ied to determine the different independent random changes
that occur.

(B) Appropriate terms are determined for these changes in
developing a discrete-time stochastic model. This model leads
to a certain stochastic differential equation system as the time
interval decreases.

(C) The stochastic differential equation system then leads to a
certain SPDE as the size interval is made smaller.



A Size-Structured Population Model Is Now Considered

A standard partial differential equation for a size-structured
population has the form:

( Ou(x,t)  O(g(z,t)u(x,t))
ot i ox

— —Iu<;lj,t, P(t))u(a:,t), Tmin < T < Tmazx,

Y 9(Toins )U(T i, ) = [ B(x, ¢, P(t))u(x, t) d,

min

| u(z,0) =ugz), P(t)= f;f;’f u(x,t) d,

where

u(x,t) is the population density at time ¢ and size =,

1t is the death rate,

[ is the birth rate,

g is the growth rate of an individual,

P(t) is the total number of individuals in the population,

Tmin and Z,,,, are the minimum and maximum sizes.



The Changes Are Now Considered For A Time Interval At

Let ui(t) be the population level at time t of size z;_; to size
ry. The changes possible for u;(t) are tabulated in Table 1 for
k > 1. Births are added to the first size class and the possible
changes are given in Table 2 for k£ = 1.

Table 1 Possible Changes For £ > 1

Possible Change (Au), | Probability
1 Uk_lgk_lﬁt/ﬁﬂf
-1 upgr At/ Ax
-1 uk,u/fﬁt

Table 2 Possible Changes For k£ =1

Possible Change (Au); | Probability
K
1 ZukﬁkAt
k=1
-1 u1g1 At/ Ax
-1 ul,ulAt

Tables 1 and 2 define a discrete stochastic model for a system
of K subpopulations.



The Discrete Stochastic Model Leads To The Ito Stochastic
Differential Equation System As At Decreases

The discrete stochastic model leads to the It6 system:

dup(t) —  UkGk —AU;—191€—1 dt—uk;Lkdt+\/ kiik 1 AW, (1)

u A
—\/ ﬁff dW(t) — \funir dWi(t)
for k. =2,3,... K with

K
du1 Z u B dt — U191 dt — Uy dt + \ Z w Ok dW(t)

u .
—4/ Alil dWi(t) — Jurp dWi(t)

where W;(t), W;(t), and W(t), are independent Wiener processes
for k=1,2,... K.



The It6 Stochastic Differential Equation System Can Be
Rewritten Using Brownian Sheets

Introduced is a family of one-dimensional Wiener process W*(¢; x)
parameterized by size z. In addition, a Brownian sheet W (x,1)
is applied. Then,

duy(t ULGk — Uk—1Gk—1 Up—1Gx—1 OW™(t; 211
0 s (i)

at Ax Aaj 075

ULgk oW * (t ZCk> /xk (92 >
Nar e VYR YRR, (‘9:1:875 -

for k. =2,3,... K with

dt

U191 OW* (t 33'1) B /SI72 (92
N Az T o VI T )L 8:6815 L.

K
du1 Z up Oy — % — uip + \ Z wy, B Wit




The Size Interval Ax Now Approaches Zero Resulting In An
SPDE For The Size-Structured Population

Letting uy(t) = u(xg, t)Ar and decreasing Az, then
au<$at> _ _a<u<x7t)g<xat>) . u(x t) (.CE' 4 P(t))

ot ox
9, OW*(t; x O*W (z,t)

~ 5 [\/u(a:,t)g(x,t) 5 ] Voulz, t)u(z, t, P(t)) 0:1:(‘%7

with

OW™*(t; T pin)

U(Timin, ) g(Tmin, t) + \/u (Zmins 1) g(Tmin, 1) By —

/xm («, )B(a,t, P(t))da’ +\//me B(2',t, P(t))da’ d‘gt(t).

min

min

Notice that the SPDE generalizes the original PDE.



The Population’s Age Structure As Well As Size Structure Is
Now Considered

A deterministic size- and age-structured partial differential
equation is:

( Ou(x,y,t) N O(h(x,y,t)u) n g(z,y,t)u) _
Ot Oy Ox

—p(@, y, ¢, P(t))ul(z,y,1)

< hz,0,t)u(z,0,t) = [ [7" B2, x,y/ ¢, P(t))u(a’, ', t) dy'da’

LTmin

f Tmax ymax

Tmin

U<Qf,y70) — UO(xay)a ZE Y, )dydﬂf

for 0 < vy < Ymazs Tmin < T < Tpazrs, and ¢ > 0 where

u(x,y,t) is the population density,

u(x,y,t, P(t)) is the death rate for size x and age y,

Bz’ x,y t, P(t)) is the rate of newborns of size x born from
individuals of size 2’ and age v/,

g(x,y,t) is the growth rate of an individual,

h(z,y,t) is the age rate of an individual,

P(t) is the total number of individuals,

h(xz,0,t)u(z,0,t) is the birth rate for newborns of size .



Similar To The Size-Structured Population, A Discrete
Stochastic Model Is First Constructed

The time, size, and age intervals are now allowed to approach
zero and an SPDE is obtained:

Ou(z,y,t)  Olglz,y,t)u(r,y,t) O(h(x,y,t)ulz,y,t))

ot Ox oy

R N S Ve e

W (z,y,t)
_ P

O"W*(t,y; x)
Oyot

with
Ymazx Tmazx
h(x,0,t)u(x,0,t) / / uw(z', Yy, )82z, t, P(t))dx'dy

mm

Ymazx Tmazx 82W<ZU )
/ / / / )
\// / u(x' y, )3, x, Yy t, P(t))da'dy ey

mm




The SPDEs Are Numerically Solved And Compared With
Independent Monte Carlo Computations

The SPDE for a size-structured population is first considered.
To obtain a numerical method, the population is divided into
size classes and time is discretized. Using an explicit approxi-
mation in time gives

Uk iGki — Uk—1,i9k—1.i

Uk iyl = Wi — Ay AL — uy i At
Uk—1,iGk—1:00 Wy i G i A .
+ \/ o T —\/ S i — \ Uk A T
Ax Ax

for k=2,3,... K and 1 =0,1,2,... with

Ulyiglyz'At \/’LL1 91, ZAt
+
Ax

K
Z U zﬁk i At — \ Z ukﬁk,iAt ﬁz
k=1

where 7. ;, Nr.i, i ~ N(0, 1) are independent normally distributed.
(A form of Euler-Maruyama approximation is used.)



The SPDEs Are Numerically Solved And Compared With
Independent Monte Carlo Computations

In the Monte Carlo procedure, the population was divided into

100 size classes and time was divided into 1000 intervals.

For

each time step, each subpopulation was checked for a death,
birth, or size change.
The growth rate, death rate, birth rate, and initial population
were assumed to be g(x,t) = .5(1 — x), pu(x,t) = .5, B(x,t) = 1.5,
u(x,0) = 600(1 — x)*. With these parameters, the exact solution
to the deterministic size-structured model was u(z,t) = 600(1 —

x)% exp(t).

Results For 500 Sample Paths

Avg. Population | Standard Dev. Average Standard Dev.
Level in Pop. Level Size in Size
330.16 (MC) 20.852 (MC) .25099 (MC) .00946 (MC)

331.46 (SPDE)

22.211 (SPDE)

.25063 (SPDE)

.01070 (SPDE)




100 T T T T T T T T T 100

Number (MC)
Number (SPDE)

(0]
285 295 305 315 325 335 345 355 365 375 285 295 305 315 325 335 345 355 365 375
Population Level Population Level

Figure 9: Calculated Distribution of Populations Levels at Time ¢t = 0.5 for 500 Sample Paths Using Monte
Carlo (MC) and the Stochastic Partial Differential Equation (SPDE)
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Figure 10: Calculated Distribution of Average Size at Time ¢t = 0.5 for 500 Sample Paths Using Monte Carlo
(MC) and the Stochastic Partial Differential Equation (SPDE)



The Age- And Size-Structured SPDE Was Also Numerically
Solved And Compared With Monte Carlo Computations

Integrating the SPDE over a size interval and over an age in-
terval and using an explicit approximation in time yielded the
numerical procedure

u],k’,lg],k,@ o u]7k_177'g]7k_172 A u],k,zh],k,z o uj_17k72hj_17k72 A

Wjki+l = Ujki — Ay t— Ay t
Wit A+ \/ Uj,k—l,z'iy;c—l,iﬁt Dkt — \/ uj,k,iij;:,iAt o
— Uk it ki N T
for =2.3,...Jand k=1,2,..., K with
hl,k,iul,k,z’ S 1S .
Ay = ;:1 - Wt i3y i ki A+ \ kZ:l ]Z; Wjr 1t i Btk ki D Tk

where 1, i, Mk, Tei ~ N(0,1) are independent and u; ;. ; ~ u(xy, y;, t;) AxAs
(A type of Euler-Maruyama approximation is used.)



The Age- And Size-Structured SPDE Was Also Numerically
Solved And Compared With Monte Carlo Computations

In an independent Monte Carlo procedure, the age- and size-
structured population was divided into 200 size-age classes and
time was divided into 4000 steps. For each time step, each
subpopulation was checked for a death, birth, or size change.

The growth rate, death rate, birth rate, and initial population
were assumed to be:

g(z,y,t) = .5(1 — z)(1 —y),

plz,y,t) = —=1+2/(1 —y) — (1 —22)(1 — y),

B2z, y,t) = 18x(1 — x), u(z,y,0) = 7200x(1 — z)(1 — y)?,

with Lmin — 09 Timar = 1 Ymin = 07 and Ymaz = L.

With these parameter selections, the exact solution to the de-
terministic PDE is u(z,y,t) = 7200z(1 — 2)(1 — y)* exp(t).



Numerical Solution Of The SPDE Compared Well With

Monte Carlo Computations

The population levels (total number of individuals), average
individual size, and the average individual age at time ¢t = 1 for
500 sample paths are given.

Population
Level

Standard Dev.
in Pop. Level

Average
Size

Standard Dev.
in Size

1038.89 (MC)
1076.52 (SPDE)

82.36 (MC)
96.53 (SPDE)

0.49963 (MC)
0.50180 (SPDE)

0.00404 (MC)
0.00599 (SPDE)

Individual Average

Age

Standard Dev.
in Age

0.26318 (MC)
0.26855 (SPDE)

0.00410 (MC)
0.00570 (SPDE)
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Figure 11: Calculated Distribution of Populations Levels at Time ¢ = 1.0 for 500 Sample Paths Using Monte
Carlo (MC) and the Stochastic Partial Differential Equation (SPDE)
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Figure 12: Calculated Distribution of Average Size at Time ¢t = 1.0 for 500 Sample Paths Using Monte Carlo
(MC) and the Stochastic Partial Differential Equation (SPDE)
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Figure 13: Calculated Distribution of Average Age at Time ¢t = 1.0 for 500 Sample Paths Using Monte Carlo
(MC) and the Stochastic Partial Differential Equation (SPDE)



Consider Now Derivation Of An SPDE For A
Reaction-Diffusion Problem

Reaction-diffusion models are useful in population genetics mod-
els and in population dynamics models. For example, reaction-
diffusion models may be useful in studying competition be-
tween two different species in a spatially-varying environment.

A deterministic reaction-diffusion model for two species may
have the form:

2
aN1<t,$) _ D1<x>8 N1<t7«77) 4 Nlb1(t,£€,N1>N2> — N1d1<t’:[j,N1,N2)
ot 02w
8N2<t,33> 62N2<t,513)

5 — D2<gj> 92 +N2b2(t,$,N1,N2> —N2d2<t,ZC,N1,N2)-



Considered Here Is A Single Population N(z,¢) And The
Changes Are Studied For A Time Interval At

Let Ni(t) be the population level at time ¢ from position z;_;
to position z; = x;_; + Ax. The changes possible for N(t) are
given in the table.

Possible Change (AN); | Probability
1 b(t, Ny) Ny
-1 d(t, Ni) Ny
1 J+($k_1)At
-1 J_<33k_1)At
-1 J+<£Ck>At
1 J_<£Ek>At

where b and d denote birth and death rates, respectively, and
J™ and J~ are right- and left-moving currents.

This table defines a discrete stochastic model for a system of
subpopulations.



An SDE Model Is Obtained For The System Of
Subpopulations

The SDE system has the form:

ANy(t) = (b(t, Np) Ny — d(t, Ni)Ni)dt

(J T (zp1) — T (zg1))dt — (T (x) — T ())dt

1 ke OPW(t, x)
\/b(f, Nk>Nk —+ d(t, Nk)Nk)\/Fx . BT
- OW ™ (t; 1) — OW™(t; xy)
Vi mo) 28ne) /2

- VT oy Bm) oy )

dx

+

where certain Wiener processes and Brownian sheets are used
in the expression.



Now, The Spatial Interval Is Allowed To Approach Zero
Resulting In An SPDE

DON(z,t
Substituting N(xp,t)Ax = Ni(t), J"(x) = 5 a(:z:, ) + %N(:z:,t),
T
DON(x,t
and J (z) = 5 a(x, ) + %N(.ﬁlﬁ,t) and letting Ax approach zero,
T

then the reaction-diffusion SPDE is obtained:

ON gf’” — b(t, N)N — d(t, N)N + aax (D (“”)?X <‘”’t>>
O°W (t, x)

+ VUL NN +d(t, N)N) — =2

D(x)ON(z,t) OW*(t; @)

“—y or TaNwt —p,

(v
( \/D@;) ON(,) v oW (L ar).)

2N(m, t) p

+
|




Good Results Are Obtained Between The SPDE And Monte
Carlo Computations

An infinite region —oco < x < oo is considered where the initial
population density satisfies N(z,0) = 60 — 12022 + 602* for —1 <
r <1 and N(z,0) =0, otherwise. Let b = d = 0. Two cases are
considered: D = 0.05,v = 1.5 and D = 0.067,v = 2.0. The mean
number of individuals in the interval [—1,1] and the variance
are computed at the times ¢t = 2.5,5.0,10.0,20.0. The results

for the SPDE model are compared with Monte Carlo (MC)
computations using 4000 paths.

Table: Calculational results for the two cases

Time | Mean (SPDE) Var. (SPDE) Mean (MC) | Var. (MC)
2.5 57.5 5.74 57.8 5.46
5.0 51.0 9.83 51.6 9.72
10.0 42.3 13.6 43.3 14.2
20.0 33.1 15.8 34.0 16.1
2.5 55.1 7.86 56.0 7.05
5.0 47.6 12.2 49.0 11.5
10.0 38.5 15.7 39.9 14.9
20.0 29.3 16.4 30.7 16.4




