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1. From SRW to BM
Let &, &9, -+ beiid.

1

PG =1)=P&=-1)= B
Define SRW N
k=1

Scaling limit: time step % and spatial step \/Lﬁ

[nt]
1
B = — E t>0.
t \/ﬁk:1§ka >0

CLT:
Bl' = B, ~ N(0,t).
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Definition
(B¢) is a Brownian motion if

o (Normal increments)
B; — By ~ N(0,t — 5).
o (Indep. increments) B; — B; indep. of
FB =06(By: u<s).

o (Continuity) ¢ — By is continuous a.s.
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Theorem

(Bt) is a Markov process with transition

_ 1 |z —yl?
pt(m’y)_\/Q_wteXp - o .

Proof:
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Definition
Let0=tho<t1 <---<t,=t.

B]t - hm Z ‘Btz-&-l Btz|2

is called the quadratic variation process.

Theorem

[B]: =t, a.s.
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Proot: Denote

n
To = |Bi,, — By|*
i=1
Then,
n
E(To) = (tin —ti) =t
i=1
and hence,

E(|T, — t|?) = Var(Ty)

n
= Z Var (|Bti+1 — Bt¢|2)

i=1

n
2t2
=1
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Corollary

t — B; is nowhere differentiable a.s.
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2. Stochastic calculus
Let 0=th<t; <--- <t,=1t.
Recall Riemann integral:

t n—1
deS = hIIl fsi ti 1 — ti
/ i 3 i =)

where s; € [t;, tiv1].

Definition
n—1

t
/0 fsdBs = lim ;fti(Btm — By)

is called the Ito integral of f wrt B.
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Theorem

/Ot(afs + Bgs)dBs = a/ot fsdBs +B/Ot gsdBs,

t
E/ fudBy = 0
0

t t
/ f.dB,| = / Ef2ds.
0 0

and
2

E
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t
[ 1am.
0

n—1
= lim Var (Z ft;(Bi,., — By,)

Proof:

2
E

n—oo

SN—

=1
n—1
= 7}1_{1010 Var (ftl (Bti+1 - Bti))
i=1
n—1
= Jim 3B (1S Buys — Bul’)
=1

n—1
= lim ZEIftAQ(tiH —t;).
=1

n—+00 4
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Recall “Chain rule” in calculus: If g; is differentiable and
Yt = f(gt), then . ;
dye _ (A9
Namely,
dy. = f'(g¢)dgs-
So

o = fao)+ [ ' F(g2)dge.
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1t0’s formula

Theorem
Vf € C*(R), we have

t
s)dBs "(Bs)d
1By =50+ [ s+ [ 7Bas
In differential form:

F(B) = f(B)AB+ 3 f"(B)(dB)?

—  F(B))dB, + % F'(By)dt
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Proof: Let 0 =ty <t;1 < --- < t, =t

f(Br) = £(0)

n—1

= Z(f(Bti+1) - f(Btz))
=0
n—1

= S (B By — Bu) + 57" (Bo) (B — B))
=0

= g1,

where s; € [tiati—i-l]-

t
I{L—>/ f'(Bs)dBs.
0
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G tet -

n—1
E Z f z+1 - Bti)2 - (ti—i-l - tz))

n—1

2
ZE‘f” 2E ‘(Bti+1 - Bti)Q - (ti—l-l - tl)‘
=0

n—1

KDY (tip1 —t;)?
i=0

Kt*n™' > 0.

t
" (Bs,) (tig1 — ti) — %/o f"(By)ds

N =
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Example Let X; = exp(B;). Find dX;.
Solution:

1
dX; = exp(Bt)dBt + 5 eXp(Bt)dt

So
t 1 t
Xt:1+/ eBsst-l-—/ eBsds.
0 2 Jo
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Definition

n—1

+
/ fs0Bs = n—><>o Z L th“rl (Bt — Bt;)

is the Stratanovich integral of f wrt B.

Theorem

t t 1
/0 1,08, = /O fudB, + [, Bl

where [f, B); is the quadratic covariation process.
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Proof:
t n—1 2f + f B f
= i ti Lit1 t;
/0 fs0Bs = nh_{gozz:; 5 (B, — B,)

n—1

= lim > fi(By,, — Br)
=0

1 n—1
+§ nh—{go z;(ftiﬂ - fti)(BtiH — By,)
1=

! 1
_ /fsst-f‘i[f,B]t.
0
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Corollary

t t 1
/ B,0Bs = / BsdBs + =t
0 0 2

1t6 formula for Stratanovich integral
Theorem

df(B:) = f'(B:)0B,
namely,

18y =10+ | ' 1(B,)9B,.
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3. Stochastic differential equations
ODE .
X = b(Xy)

ODE with white noise perturbation
Xt = b(Xy) +ny

Model WN by derivative of BM: n; = W,.
Also assume the magnitude of the perturbation depend on the

process: ) )
Xt = b(Xt) + O'(Xt)Wt

Differential form

dXt = b(Xt)dt + O'(Xt)th
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Integral form of the SDE

¢ t
X = X +/ b(Xs)ds—i-/ 0(Xs)dBs
0 0
Lipschitz condition:

[b(z) = b(y)| + lo(z) — o(y)| < K|z -y
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Theorem
The SDE has a unique solution.

Proof: Picard iteration for existence

X! =X,

t t
Xt :X0+/0 b(Xg)ds+/0 o(X")dB;

Then,

Xptexg = [ OO -be st [ o0 -o(x )i,
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it =EXp - Xp .

2
2K

b
3
IN

/ (b(XT) — b(XI)ds

2

+28 [ (o(X) — o(X21))dB,

t
< 2T/ E|b(X™) — b(X? 1) ?ds
0
t
+2/ Elo(X?) — o(XP1)|%ds
0
t
< 2K*(T + 1)/ fotds.
0
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Denote L = 2K?(T + 1) and iterating, we get

t s
< L / L / " 2drds
0 0
t
= L2/ (t —r)fr2dr.
0

Continue this procedure, we get

n n ! (t_s)n_2 1
G e

This proves the converges of X™ to a process X which solves
the SDE.
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We assume two solutions X; and Y;.
Similar to above, we get

Thus, X =Y.

fi

<

E|X,

|
0

—Yt|2
bt —s)n
(n—2)!

College of Arts & Sciences

2
fsds — 0.
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4. Examples
a) Geometric BM

dXt = /LXtdt + O'XtdBt

Then

1 11
dlIlXt == ZdXt - QF(dXt)2
t

1 22
= Mdt+UdBt— 2—)(t20' Xt dt

1
= (,LL — 50’2)dt + UdBt.
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1
lnXt = 1IIX() + (/,L — 50’2)t —+ UBt'
We get
1
X = Xpexp ((u — 502)15 + O'Bt) )
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b) Ornstein Uhlenbeck process
dXt = 6(,u — Xt>dt + O'dBt
Note that

d(GGtXt) = MdX, + X,de® + de®td X,
= (O(u— Xy)dt + odBy) + 0Xe%dt
= Ouedt + oe®dB,
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t t
X, = Xy + / Oue?®ds + / oe?*dB,.
0 0

Hence

t t
X; = Xoe % + Q,u/ e 00=9)qs + a/ e =) 4B,
0 0
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5. Continuous state branching process
Consider a population start with X(gn) individuals. Each give
birth to 2§7;1, 1=1,2,--- ,Xén) offsprings, where 5? are i.i.d.

Bernoulli random variable with p = % Then

x{m

X =3 2.

i=1
Continue this procedure, we get a discrete time MC

(n)
X

N )

i=1
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Next, we consider the scaling limit

1y
Nt
Note that
x{m
XIE:—}—)l X(n) Z (2¢F —1).
i=1
Summing up in k, we get
[nt]—1 x\™

x (™)

] = +ZZQ§—1-

k=0 =1
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[nt]—1

(n)
n xM o1 1
X[(nt] —X( § Tk > (2f -1

Note that

Therefore,

- [nt]—1 (n)
XW] —X0 Z ki1 = Bi).
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Taking limit, we get

t
Xy = iE—!—/ v XsdBg
0

It is called Feller’s branching diffusion.
There is no explicit solution. However, we can find its
distribution through its Laplace transform

Ee—)\Xt
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Let T be fixed and consider ODE
Uy = Juf, 0<t<T
ur = A

Then
2

T24NT —t)

Next we apply [t0’s formula to

Ut

e—utXt
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de™ X
= —ueT" X + %Uge_utxt(dXt)Q — Xe Xt dy,
= —ue N \/ZdBt + %u?e‘“tXtXtdt — Xye W Xeq,dt
= —we "N\ /X dB,
So

T

0
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Taking expectation, we get

2
Ee T = ¢740% — exp (— a > .

24T



