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1. From SRW to BM
Let �1, �2, ⋅ ⋅ ⋅ be i.i.d.

ℙ(�1 = 1) = ℙ(�1 = −1) =
1

2

Define SRW

Xn =

n∑
k=1

�k.

Scaling limit: time step 1
n and spatial step 1√

n

Bn
t =

1√
n

[nt]∑
k=1

�k, t ≥ 0.

CLT:
Bn
t ⇒ Bt ∼ N(0, t).



Definition

(Bt) is a Brownian motion if

(Normal increments)

Bt −Bs ∼ N(0, t− s).

(Indep. increments) Bt −Bs indep. of

ℱBs = �(Bu : u ≤ s).

(Continuity) t 7→ Bt is continuous a.s.



Theorem

(Bt) is a Markov process with transition

pt(x, y) =
1√
2�t

exp

(
−∣x− y∣

2

2t

)
.

Proof:

ℙ(Bt ≤ x∣ℱBs )

= ℙ(Bt −Bs ≤ x−Bs∣ℱBs )

=

∫ x−Bs

−∞

1√
2�(t− s)

exp

(
− ∣z∣2

2(t− s)

)
dz

=

∫ x

−∞
pt−s(Bs, y)dy.



Definition

Let 0 = t0 < t1 < ⋅ ⋅ ⋅ < tn = t.

[B]t = lim
n→∞

n∑
i=1

∣Bti+1 −Bti ∣2

is called the quadratic variation process.

Theorem

[B]t = t, a.s.



Proof: Denote

Tn =

n∑
i=1

∣Bti+1 −Bti ∣2.

Then,

E(Tn) =

n∑
i=1

(ti+1 − ti) = t

and hence,

E(∣Tn − t∣2) = V ar(Tn)

=

n∑
i=1

V ar
(
∣Bti+1 −Bti ∣2

)
=

n∑
i=1

2(ti+1 − ti)2 =
2t2

n
→ 0.



Corollary

t 7→ Bt is nowhere differentiable a.s.



2. Stochastic calculus
Let 0 = t0 < t1 < ⋅ ⋅ ⋅ < tn = t.
Recall Riemann integral:∫ t

0
fsds = lim

n→∞

n−1∑
i=1

fsi(ti+1 − ti)

where si ∈ [ti, ti+1].

Definition ∫ t

0
fsdBs = lim

n→∞

n−1∑
i=1

fti(Bti+1 −Bti)

is called the Itô integral of f wrt B.



Theorem∫ t

0
(�fs + �gs)dBs = �

∫ t

0
fsdBs + �

∫ t

0
gsdBs,

E
∫ t

0
fsdBs = 0

and

E
∣∣∣∣∫ t

0
fsdBs

∣∣∣∣2 =

∫ t

0
Ef2s ds.



Proof:

E
∣∣∣∣∫ t

0
fsdBs

∣∣∣∣2
= lim

n→∞
V ar

(
n−1∑
i=1

fti(Bti+1 −Bti)

)

= lim
n→∞

n−1∑
i=1

V ar
(
fti(Bti+1 −Bti)

)
= lim

n→∞

n−1∑
i=1

E
(
∣fti ∣2∣Bti+1 −Bti ∣2

)
= lim

n→∞

n−1∑
i=1

E∣fti ∣2(ti+1 − ti).



Recall “Chain rule” in calculus: If gt is differentiable and
yt = f(gt), then

dyt
dt

= f ′(gt)
dgt
dt
.

Namely,
dyt = f ′(gt)dgt.

So

f(gt) = f(g0) +

∫ t

0
f ′(gs)dgs.



Itô’s formula

Theorem

∀f ∈ C2(ℝ), we have

f(Bt) = f(0) +

∫ t

0
f ′(Bs)dBs +

1

2

∫ t

0
f ′′(Bs)ds

In differential form:

df(Bt) = f ′(Bt)dBt +
1

2
f ′′(Bt)(dBt)

2

= f ′(Bt)dBt +
1

2
f ′′(Bt)dt.



Proof: Let 0 = t0 < t1 < ⋅ ⋅ ⋅ < tn = t.

f(Bt)− f(0)

=

n−1∑
i=0

(f(Bti+1)− f(Bti))

=

n−1∑
i=0

(f ′(Bti)(Bti+1 −Bti) +
1

2
f ′′(Bsi)(Bti+1 −Bti)2)

= In1 + In2 ,

where si ∈ [ti, ti+1].

In1 →
∫ t

0
f ′(Bs)dBs.



To estimate In2 , we note that

E

∣∣∣∣∣
n−1∑
i=0

f ′′(Bsi)
(
(Bti+1 −Bti)2 − (ti+1 − ti)

)∣∣∣∣∣
2

≈
n−1∑
i=0

E∣f ′′(Bti)2E
∣∣(Bti+1 −Bti)2 − (ti+1 − ti)

∣∣2
≤ K

n−1∑
i=0

(ti+1 − ti)2

= Kt2n−1 → 0.

Hence,

In2 ≈
1

2
f ′′(Bsi)(ti+1 − ti)→

1

2

∫ t

0
f ′′(Bs)ds.



Example Let Xt = exp(Bt). Find dXt.
Solution:

dXt = exp(Bt)dBt +
1

2
exp(Bt)dt

So

Xt = 1 +

∫ t

0
eBsdBs +

1

2

∫ t

0
eBsds.



Definition∫ t

0
fs∂Bs = lim

n→∞

n−1∑
i=0

fti + fti+1

2
(Bti+1 −Bti)

is the Stratanovich integral of f wrt B.

Theorem ∫ t

0
fs∂Bs =

∫ t

0
fsdBs +

1

2
[f,B]t

where [f,B]t is the quadratic covariation process.



Proof:∫ t

0
fs∂Bs = lim

n→∞

n−1∑
i=0

2fti + fti+1 − fti
2

(Bti+1 −Bti)

= lim
n→∞

n−1∑
i=0

fti(Bti+1 −Bti)

+
1

2
lim
n→∞

n−1∑
i=0

(fti+1 − fti)(Bti+1 −Bti)

=

∫ t

0
fsdBs +

1

2
[f,B]t.



Corollary ∫ t

0
Bs∂Bs =

∫ t

0
BsdBs +

1

2
t

Itô formula for Stratanovich integral

Theorem

∂f(Bt) = f ′(Bt)∂Bt,

namely,

f(Bt) = f(0) +

∫ t

0
f ′(Bs)∂Bs.



3. Stochastic differential equations
ODE

Ẋt = b(Xt)

ODE with white noise perturbation

Ẋt = b(Xt) + nt

Model WN by derivative of BM: nt = Ẇt.
Also assume the magnitude of the perturbation depend on the
process:

Ẋt = b(Xt) + �(Xt)Ẇt

Differential form

dXt = b(Xt)dt+ �(Xt)dWt



Integral form of the SDE

Xt = X0 +

∫ t

0
b(Xs)ds+

∫ t

0
�(Xs)dBs

Lipschitz condition:

∣b(x)− b(y)∣+ ∣�(x)− �(y)∣ ≤ K∣x− y∣



Theorem

The SDE has a unique solution.

Proof: Picard iteration for existence

X1
t = X0

Xn+1
t = X0 +

∫ t

0
b(Xn

s )ds+

∫ t

0
�(Xn

s )dBs

Then,

Xn+1
t −Xn

t =

∫ t

0
(b(Xn

s )−b(Xn−1
s ))ds+

∫ t

0
(�(Xn

s )−�(Xn−1
s ))dBs.



Define
fnt = E∣Xn+1

t −Xn
t ∣2.

Then

fnt ≤ 2E
∣∣∣∣∫ t

0
(b(Xn

s )− b(Xn−1
s ))ds

∣∣∣∣2
+2E

∣∣∣∣∫ t

0
(�(Xn

s )− �(Xn−1
s ))dBs

∣∣∣∣2
≤ 2T

∫ t

0
E∣b(Xn

s )− b(Xn−1
s )∣2ds

+2

∫ t

0
E∣�(Xn

s )− �(Xn−1
s )∣2ds

≤ 2K2(T + 1)

∫ t

0
fn−1s ds.



Denote L = 2K2(T + 1) and iterating, we get

fnt ≤ L

∫ t

0
L

∫ s

0
fn−2r drds

= L2

∫ t

0
(t− r)fn−2r dr.

Continue this procedure, we get

fnt ≤ Ln
∫ t

0

(t− s)n−2

(n− 2)!
f1s ds.

This proves the converges of Xn to a process X which solves
the SDE.



Uniqueness
We assume two solutions Xt and Yt.
Similar to above, we get

ft ≡ E∣Xt − Yt∣2

≤ Ln
∫ t

0

(t− s)n−2

(n− 2)!
fsds→ 0.

Thus, X = Y .



4. Examples
a) Geometric BM

dXt = �Xtdt+ �XtdBt

Then

d lnXt =
1

Xt
dXt −

1

2

1

X2
t

(dXt)
2

= �dt+ �dBt −
1

2X2
t

�2X2
t dt

= (�− 1

2
�2)dt+ �dBt.



lnXt = lnX0 + (�− 1

2
�2)t+ �Bt.

We get

Xt = X0 exp

(
(�− 1

2
�2)t+ �Bt

)
.



b) Ornstein Uhlenbeck process

dXt = �(�−Xt)dt+ �dBt

Note that

d(e�tXt) = e�tdXt +Xtde
�t + de�tdXt

= e�t(�(�−Xt)dt+ �dBt) + �Xte
�tdt

= ��e�tdt+ �e�tdBt



So

e�tXt = X0 +

∫ t

0
��e�sds+

∫ t

0
�e�sdBs.

Hence

Xt = X0e
−�t + ��

∫ t

0
e−�(t−s)ds+ �

∫ t

0
e−�(t−s)dBs.



5. Continuous state branching process

Consider a population start with X
(n)
0 individuals. Each give

birth to 2�1i , i = 1, 2, ⋅ ⋅ ⋅ , X(n)
0 offsprings, where �0i are i.i.d.

Bernoulli random variable with p = 1
2 . Then

X
(n)
1 =

X
(n)
0∑
i=1

2�0i .

Continue this procedure, we get a discrete time MC

X
(n)
k+1 =

X
(n)
k∑
i=1

2�ki .



Next, we consider the scaling limit

1

n
X

(n)
[nt]

Note that

X
(n)
k+1 −X

(n)
k =

X
(n)
k∑
i=1

(2�ki − 1).

Summing up in k, we get

X
(n)
[nt] = X

(n)
0 +

[nt]−1∑
k=0

X
(n)
k∑
i=1

(2�ki − 1).



Thus

1

n
X

(n)
[nt] =

1

n
X

(n)
0 +

[nt]−1∑
k=0

√
X

(n)
k

n

1√
X

(n)
k

X
(n)
k∑
i=1

(2�ki − 1)
1√
n
.

Note that

1√
X

(n)
k

X
(n)
k∑
i=1

(2�ki − 1)
1√
n
≈ N(0,

1

n
) ≈ B k+1

n
−B k

n
.

Therefore,

1

n
X

(n)
[nt] ≈

1

n
X

(n)
0 +

[nt]−1∑
k=0

√
X

(n)
k

n
(B k+1

n
−B k

n
).



Taking limit, we get

Xt = x+

∫ t

0

√
XsdBs

It is called Feller’s branching diffusion.
There is no explicit solution. However, we can find its
distribution through its Laplace transform

Ee−�Xt



Let T be fixed and consider ODE{
u̇t = 1

2u
2
t , 0 ≤ t ≤ T

uT = �

Then

ut =
2�

2 + �(T − t)
Next we apply Itô’s formula to

e−utXt



de−utXt

= −ute−utXtdXt +
1

2
u2t e
−utXt(dXt)

2 −Xte
−utXtdut

= −ute−utXt
√
XtdBt +

1

2
u2t e
−utXtXtdt−Xte

−utXt u̇tdt

= −ute−utXt
√
XtdBt

So

e−�XT − e−u0x = −
∫ T

0
ute
−utXt

√
XtdBt.



Taking expectation, we get

Ee−�XT = e−u0x = exp

(
− 2�x

2 + �T

)
.


